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Low dimensional approximation of weak constraint variational data assimilation

Introduction

Data assimilation setting

Denote x; € R" state of a system at time ty.

e numerical (physical) model Mj: R™ — R™ such that
Th+1 = Mk(mk) + k.
o prior estimate z of the initial condition zo,
b
o = g + €o.
@ observations y € RP* of the state:
Y = He(zr) + €,

where Hy, : R® — RP* is an observation operator.

The errors 1, ¢o, ¢, are Gaussian with zero mean and covariances Q € R™*™,
B € R™™™, R), € RP*Pk respectively.
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Introduction

Schematics of 4D-Var data assimilation

@ Take observations ;. of the true dynamical system.
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Introduction

Schematics of 4D-Var data assimilation

Y

Assimilation Window

o Use a priori information zJ for the initial condition for the numerical model
ZTi+1 = Miy1,6(x), approximating the ("true”) dynamical system.
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Introduction

Schematics of 4D-Var data assimilation

@ Run the numerical model using the estimated initial condition.
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Introduction

Schematics of 4D-Var data assimilation

@ Minimise a cost function J(z) to find an improved initial condition z§.
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Introduction

Schematics of 4D-Var data assimilation

@ The numerical model is run using z§ as an initial condition.



Low dimensional approximation of weak constraint variational data assimilation

Introduction

Schematics of 4D-Var data assimilation

¥ Forecast

@ The simulation is continued to create a forecast.
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Introduction

Schematics of 4D-Var data assimilation
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@ The process is repeated for new observations.
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Part I: A low-rank approach to the solution of weak constraint variational data
assimilation problems

@ Saddle point formulation of weak constraint 4D-Var
© Low-rank GMRES (LR-GMRES)

© Numerical results

© Conclusions

Part II: Balanced truncation within weak constraint 4D-Var

© Model order reduction by Balanced Truncation
e Application to weak constraint 4D-Var
@ Numerical results

© Conclusions
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Part |

A low-rank approach to the solution of weak constraint

variational data assimilation problems
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Outline

@ Saddle point formulation of weak constraint 4D-Var
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Saddle point formulation of weak constraint 4D-Var

Weak Constraint 4D-Var

cost functio

N

1 b 1

J(@) = glkeo — a1 + 3 3 llye — Halw)|2
k=0

N
1 2
+3 > llww — Mie(@r-1)llg-1-
k=1
v

where

T

o x = [m%,x?,...,x%}

o B, Ry, Q. postitive definite error covariance matrices

@ yj, observation vector

Hi maps state vector x; from model space to observation space
M. model integration
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Saddle point formulation of weak constraint 4D-Var

Incremental 4D-Var - Gauss-Newton method

4D-Var cost function

N
1 1
J(@) = 5lkoo = a1 + 5 D llye = Hala) 3
k=0

N
Z |z — M (T 1)||Q—1
k;:

Minimisation using Gauss-Newton method:
o linearise My, and Hy, about z(¥ at each step
o (approximately) minimise quadratic cost function J(5z).

@ Increment at iterate /,
T
62 = [@af")", 62\, (621)]

2D 20 | 50
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Saddle point formulation of weak constraint 4D-Var

Incremental 4D-Var - Gauss-Newton method

Incremental 4D-Var cost function

N
- 1 0 ¢ 1 73 ¢
J(629) = J12) — 067 llp-1 + 5 3 14 — Hidw | s
k=0

N
1
5 2 low? — Mo, —cif

Ng-1-
k=1 @

My € R™*™, Hy € RP**" |inearisations of My, and Hj, about (9.

0 = b —o, 4P = - ), P = MGef) — o0,
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Saddle point formulation of weak constraint 4D-Var

Concise notation for incremental 4D-Var (all-at-once approach)

Minimise (inner iteration)

N 1 1
J(62) = 5 || Low — b1 + 5 |[How — d||g—1

with
I
—M; I
L= .
—Myn I
B Ro
Q1 Ry
D= , R=
QN Ry
Ho zfh — w0 yo — Ho(zo)
H, Mi(zo) —z1 y1 — Hi(z1)
H= b= ) ,d= .

Hy Mpy(zNn—1) —ZN yn — Hn(zN)
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Saddle point formulation of weak constraint 4D-Var

State formulation and saddle formulation

J(57) = SNE6w ~ bl + 3 |How — dlfh
Minimise
VJ(6x) = L" D' (Léz — b) + H'R™ ' (Héz — d) = 0.
(L"D'L+H"R'H)dz=L" D 'b+H' R 'd

with A = D7 (b — Léx), u = R™*(d — Héz) (or writing the problem with
equality constraints and using KKT conditions) we obtain

Vi=L"A+H p=0,
DX+ Léz = b,
Ry + Hiézx = d.
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Saddle point formulation of weak constraint 4D-Var

Saddle Point Formulation

Vi=L"A+H p=0,
DX+ Léz = b,
Ry + Héz = d.

Saddle point formulation of 4D-Var
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Saddle point formulation of weak constraint 4D-Var

Saddle Point Formulation

Vi=L"A+H p=0,
DX+ Léz = b,
Ry + Héz = d.

Saddle point formulation of 4D-Var

D 0 L[\ b
0 R H||u|=]|d
LT HT o] |6z 0

L integration of a numerical model, L7 its adjoint

e H, L computationally expensive!

o D, R are large, but cheaper to apply than a model evaluation

saddle point matrix is symmetric indefinite
preconditioned MINRES or GMRES.
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Outline

© Low-rank GMRES (LR-GMRES)
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Low-rank GMRES (LR-GMRES)

The Kronecker product

Let A, B and C be matrices of appropriate size.
Properties of the Kronecker product and vec (-) operator:

c11
a1B - aB :
A®B= vec (C) = | cin
amiB - amnB
Cmn

Moreover

(B" @ A)vec (C) = vec (ACB).
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Low-rank GMRES (LR-GMRES)

Kronecker formulation

Saddle point formulation of 4D-Var

D 0 L|[A b
0 R H wl| =|d
LT HT o] |6z 0

Assume Qr = Q, R = R, H, = H, My = M, and number of observations
pr = p for each k. Define
0 1 0

—1 0, 0, 1

Kronecker saddle point formulation of 4D-Var

E1®B+E:®Q 0 INp1QIn+C M [ A b
0 INnt1 ®R Int1 ®@H w| = |(df,
Intvi @I, +CT@MT  Iny @ HY 0 Sz 0
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Low-rank GMRES (LR-GMRES)

Simultaneous matrix equations

Kronecker saddle point formulation of 4D-Var

Ei1®B+E;®Q 0 IN+1®ITL+C®M
0 INt1 ® R Int1 @ H wl| =|d|,
INy1 ®In +CT @MY Iy @ HT 0 Sz 0

Using (BT ® A)vec (C) = vec (ACB):
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Low-rank GMRES (LR-GMRES)

Simultaneous matrix equations

Kronecker saddle point formulation of 4D-Var

Ei1®B+E;®Q 0 IN+1®ITL+C®M
0 INt1 ® R Int1 @ H wl| =|d|,
INy1 ®In +CT @MY Iy @ HT 0 Sz 0

Using (BT ® A)vec (C) = vec (ACB):

Simultaneous matrix equations

BAE; + QAEs + X + MXCT = b,
RU + HX =d,

A+ MTAC +HTU =0.

where X, 8z, b, ;1 and d are vectorised forms of the matrices A, X, b € R**VN+1

and U, d € RP*N*! respectively.
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Low-rank GMRES (LR-GMRES)

Simultaneous matrix equations

Kronecker saddle point formulation of 4D-Var

Ei1®B+E;®Q 0 IN+1®ITL+C®M
0 INt1 ® R Int1 @ H wl| =|d|,
INy1 ®In +CT @MY Iy @ HT 0 Sz 0

Using (BT ® A)vec (C) = vec (ACB):

Simultaneous matrix equations

BAE; + QAEs + X + MXCT = b,
RU + HX =d,

A+ MTAC +HTU =0.

where X, 8z, b, ;1 and d are vectorised forms of the matrices A, X, b € R**VN+1

and U, d € RP*N*! respectively.
Suppose that the matrices A, U, X have low-rank representations,

A=WaVY, U=WuV¥, X =WxVs.
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Low-rank GMRES (LR-GMRES)

Low-Rank GMRES (LR-GMRES)

GMRES for solving a linear system Az =b
o Krylov subspace K (A,b) = span{b, Ab, --- , AF=1p}
@ Gram-Schmidt orthogonalisation

Input: Choose zg, compute 7o = b — Az and
v =ro/|lroll;
Output: Solution of linear system Az = b.

Q forj=1,2,...,kdo

We need:
o @ Compute h;j = (Avj, v;) for
@ Vector addition, i=1,2,...,j
o Matrix vector products, Q Compute #;41 = Av;—%J_, hiju;
o Inner products. Q Compute hjt1,; = [|T41l2
Q vjr1 =B11/hjv1;
@ end for

Q@ zr =zo+Viys.
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Low-rank GMRES (LR-GMRES)

Low-Rank GMRES (LR-GMR

GMRES for solving a linear system Az =b
o Krylov subspace K (A,b) = span{b, Ab, --- , AF=1p}

@ Gram-Schmidt orthogonalisation

Input: Choose g, compute 7o = and
vi =ro/|7olls

Output: Solution of linear system Ax = b.
forj=1,2,...,k do

Compute h;; = (Av;,v;) for
1=1,2,...,7

We need:

@ Matrix vector products, Compute 941 = Av;

o Inner products. Compute hjy1,5 = [[0j41]2

Vi1 = Uj41/hjtj
end for

0000 O©60

T = Vi vk -
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Low-rank GMRES (LR-GMRES)

Low-Rank GMRES (LR-GMRES)

A=WaVY, U=WuyV¥, X =WxVs.

Matrix vector products

BAE, + QAEs + X + MXCT =D,
RU+HX =d,

A+ MTAC + HTU = 0.

becomes
[BWa QWA Wx MWx|[E:Va E:Va Vx CVx]' =b,
[RWy HWx] Vo Wx]" =d,
Wa MTWx HTWy][Va CTVa W' =0
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Low-rank GMRES (LR-GMRES)

Low-Rank GMRES (LR-GMRES)

A=WaVY, U=WuyV¥, X=WxVs.

Matrix vector products

Algorithm 2 Matrix multiplication (Amult)
Input: Wiy, Wi, Woy, Way, Wy, Wiy
Output: 7)), 219, Zay, Zog. Z31. Z32

AT [BI'Vll- Q Wiy, Wa, M I’Val]:

Zyg = [E\Wiy,  EyWia, Wiy, CWiyyl,

Zyn = [RWa,  HWal,

Zy = [I'sz- Wr:in,

Zfﬂ = [I’Vu. IuTI‘Vu. HTI’Vgl],

Zyy = Wi, CTWp, Wyl
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Low-rank GMRES (LR-GMRES)

Low-Rank GMRES (LR-GMRES)

Suppose that the matrices A, U, X have low-rank representations,
A=WaAVY, U=WuVj, X=WxVx.

Vectors z in GMRES become:

WAVY YARVAD
vec WUVJ = vec ZnggQ =z.
Wx Vi 731735

Vector addition

Xe1 = [Ya1, Zil, Xp2 = [Ya2, Zio] for k=1,2,3:

Xlng Y11Y1€ = Zquz
T = vec X1 X2 = vec Yo1Yoh + Zo1 Z%, =y+z.
X31X35 Y31Ysh + Z31235
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Low-rank GMRES (LR-GMRES)

Low-Rank GMRES (LR-GMRES)

Wit Wis Vi1 (Vie)™
vee | | War Wi, =w and vec| |Va1(Va2)T =,
W31 Wi, Va1 (Vae)™

To compute the inner product (w,v) we use the trace:

vec (A)" vec (B) = trace(A” B)
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Low-rank GMRES (LR-GMRES)

Low-Rank GMRES (LR-GMRES)

Wit Wis Vi1 (Vie)™
vee | | War Wi, =w and vec| |Va1(Va2)T =,
W31 Wi, Va1 (Vae)™

To compute the inner product (w,v) we use the trace:

vec (A)" vec (B) = trace(A” B)

Inner products (w, v)

<'I.U7 ’U> = trace (Wﬂ‘fu(mg)TWm> + trace (W271V21(V22)TW22)

+ trace (Wg,TlV}n(%z)TW?,z) ]
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Low-rank GMRES (LR-GMRES)

Low-Rank GMRES (LR-GMRES)

Wit Wis Vi1 (Vie)™
vee | | War Wi, =w and vec| |Va1(Va2)T =,
W31 Wi, Va1 (Vae)™

To compute the inner product (w,v) we use the trace:

vec (A)" vec (B) = trace(A” B)

Inner products (w, v)

<'I.U7 ’U> = trace (Wﬂ‘fu(mg)TWm> + trace (W271V21(V22)TW22)

+ trace (Wg,TlV}n(%z)TW?,z) ]

Truncating after concatenation, gives a low-rank implementation of GMRES.
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Low-rank GMRES (LR-GMRES)

Existence of a low-rank solution

Tensor rank

Let 2 = vec(X) € R™. The minimal number r such that
T = Z uU; ® Vi,
i=1

where u;,v; € R™ is called the tensor rank of the vector x. )

Tensor rank and standard rank

2
Let z € R™ be the vectorisation of X € R™*", such that x = vec (X). The
tensor rank of the vector x is equal to the rank of the matrix X.
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Low-rank GMRES (LR-GMRES)

Existence of a low-rank solution

Tensor rank

Let 2 = vec(X) € R™. The minimal number r such that
T = Z uU; ® Vi,
i=1

where u;,v; € R" is called the tensor rank of the vector x.

A\

Tensor rank and standard rank

2
Let z € R™ be the vectorisation of X € R™*", such that x = vec (X). The
tensor rank of the vector x is equal to the rank of the matrix X.

A\

Theorem (Existence of low-rank solution)
J(6z) = 5 (Low — b)) D (Léx —b) + o (Hoz — d)" R (Héz — d).

o M is invertible

o spectrum of (—C @ I + I ® —M ") is contained in a rectangle in C_
Then éx can be approximated by a vector of tensor rank at most
4(2r + 1)*(rank(b) + p + 1). Here r arises from the quadrature approximation
of L™Y, and p is the number of observations in the data assimilation problem.
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Outline

© Numerical results
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Numerical results

One-dimensional advection-diffusion system

We consider the 1D-advection-diffusion problem:

7] o? 7]
au(w,t) = O.lﬁu(m, t) + 1.4%11(:57 t)
for z € [0,1], ¢t € (0,T), subject to the boundary and initial conditions
u(0,t) = € (0,T)
u(l,t) = €(0,T)
u(z,0) = ( x), z €[0,1].

Crank-Nicolson scheme, n = 100, At = 10~2. Assimilation window 200 time
steps.
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Numerical results

One-dimensional advection-diffusion system

Partial, noisy observations, p = 20, B; ; = 0.1 exp(flégjl ), Q@ = 10"*I1g0,

R = 0.011,, saddle point matrix size = 44, 000.

10 T T

No assimilation
—— Full-rank
—— Low-rank

10°

0!

Error

-3 L L L L L L L L
10 0 100 200 300 400 500 600 700 800 900 1,000

Timestep

Figure: Root mean squared error for 1D advection-diffusion problem with partial, noisy
observations (r = 20).
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Numerical results

One-dimensional advection-diffusion system

Partial, noisy observations, p = 20, B; ; = 0.1 exp(flégjl ), Q@ = 10"*I1g0,

R = 0.011,, saddle point matrix size = 44, 000.

10 T T
No assimilation
= Full-rank
— Low-rank (r = 20)
Low-rank (r = 5)
10° £ E|
1 R
LAkttt
W )
S 0 E
&
102
103 , , , \ , , , ,
0 100 200 300 400 500 600 700 800 900 1,000

Timestep

Figure: Root mean squared error for 1D advection-diffusion problem with partial, noisy
observations (r = 20, 5).
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Numerical results

One-dimensional advection-diffusion system

Partial, noisy observations, p = 20, B; ; = 0.1 exp(7|

R = 0.011,, saddle point matrix size = 44, 000.

;gj'), Q =10""I100,

10 T T
No assimilation
—— Full-rank

—— Low-rank (r = 20)
Low-rank (r = 5)
—— Low-rank (r = 1)

10°

107 F E|

Error

-3 L L L L L L L L
10 0 100 200 300 400 500 600 700 800 900 1,000

Timestep

Figure: Root mean squared error for 1D advection-diffusion problem with partial, noisy
observations (r = 20,5,1).
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Numerical results

One-dimensional advection-diffusion system

# of matrix elements in storage
n N p rank  full-rank solution  low-rank solution  reduction
100 199 100 20 20,000 6,000 70%
500 199 500 20 100,000 14,000 86%
500 199 100 20 100,000 14,000 86%
500 199 100 5 100,000 3,500 96.5%
500 199 100 1 100,000 700 99.3%

Table: Storage requirements for full- and low-rank methods in the advection-diffusion
equation examples.

Solver runtime (s)
GMRES 9.0055
LR-GMRES (rank 50)  12.9397
LR-GMRES (rank 20) 2.5673
LR-GMRES (rank 5) 0.5909
LR-GMRES (rank 1) 0.3127

Table: Comparison of computation time for low-rank GMRES for advection-diffusion.
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Numerical results

Extension to time-dependent systems

Kronecker saddle point formulation of 4D-Var

Ei® B+ E20Q 0 INpi®In+CQM A b
0 IN+1®R IN+1®H p| = |df,
Int1 @I, +CT@MT  Iny ® HY 0 Sz 0
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Numerical results

Extension to time-dependent systems

For time-dependent operators we can rewrite the Kronecker saddle point matrix

as

Time-dependent Kronecker saddle point formulation

0 INpi @ In+ X
i=1

N
>, Fi1 ® H; )
i=0

N
Ci; ® M;

N
Fi1®B+ 3 Fit1®Q:
i=1

Fit1 Q@ R;
0

Fit1 @ HY
0

M=

0

N
INyi®I,+ Y oF @ MF
i= i

i=1

0

zi

Here
o F; only has 1 on the ith entry of the diagonal,

o C; only has —1 on the ith column of the subdiagonal.
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Numerical results

Lorenz-95 example

The model is defined by a system of n non-linear ODEs

i
dzx i—2 i—1

T +a et 2t

where = = [z}, 2% ... z"]" is the state, and f is a forcing term.
We take n = 150, with noisy observations at each point, over 150 timesteps.
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Numerical results

Lorenz-95 example

Noisy observations, p = 150, B; ; = 0.1 exp(— ‘ J') Q =10"*I150,
R = 0.011,, saddle point matrix size = 67, 500.

80 ; : : : : : :
ot
60
50|
s
fin]
R
2
z
30|
200
No assimilation
101 — Full-rank 1
—— Low-rank
o | , , , , ! )
0 200 100 600 800 LoD 1,200 1400

Timestep

Figure: Root mean squared error for 150-dimensional Lorenz-95 system with noisy
observations (r = 20).
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Numerical results

Lorenz-95 example

Noisy observations, p = 150, B; ; = 0.1 exp(— ‘ J') Q =10"*I150,
R = 0.011,, saddle point matrix size = 67, 500.

80 ; : : : : : :
ot
60
50|
s
fin]
R
2
z
30|
200
No assimilation
101 — Full-rank 1
—— Low-rank
o | , , , , ! )
0 200 100 600 800 LoD 1,200 1400

Timestep

Figure: Root mean squared error for 150-dimensional Lorenz-95 system with noisy
observations (r = 5).
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Numerical results

Lorenz-95 example

Experimenting with different rank choices, we have achieved the following

reductions:
# of matrix elements in storage
n N p rank  full-rank solution  low-rank solution  reduction
40 199 40 20 8,000 4,800 40%
40 199 8 20 8,000 4,800 40%
500 199 500 20 100,000 14,000 86%
500 199 500 5 100,000 3,500 96.5%

Table: Storage requirements for full- and low-rank methods in the Lorenz-95 examples.
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@ Conclusions
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Conclusions

Conclusions and future work

o Weak constraint 4D-Var is a very large optimisation problem.
o |t can be shown that under certain assumptions low-rank solutions exist.

@ Preconditioning may not be necessary, with the low-rank approach acting
like a regularisation.

o Very large reduction in storage and computing time.
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Conclusions

Conclusions and future work

Conclusions
o Weak constraint 4D-Var is a very large optimisation problem.
o |t can be shown that under certain assumptions low-rank solutions exist.

@ Preconditioning may not be necessary, with the low-rank approach acting
like a regularisation.

o Very large reduction in storage and computing time.

v

@ Higher dimensional examples

o Better theoretical foundation (inexact GMRES theory)

N,
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Conclusions
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Part 1l

Balanced truncation within weak constraint 4D-Var
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© Model order reduction by Balanced Truncation
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Model order reduction by Balanced Truncation

Model order reduction

> - N o Given a physical model with
[ Physical System J+‘ Deta dynamics described by states
x € R™ where n is large.

Modelin, . 3
. o Describe the dynamics of the
system using a reduced
— I number of states (< n).
Discretization J 3
@ Should be available at
Highly significantly lower
Expensive cost/storage.
o Can be used for simulation,
Simulati prediction, optimisation, data
| Reduced# of | 2lmssation ) assimilation, ...
| ODEs |

Control
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Model order reduction by Balanced Truncation

Linear time invariant systems

Input/output/state vectors

Linear time invariant system

z(t) = Az(t) + Bu(t)
y(t) = Cx(t)

v

Coefficient matrices

® system matrix A € R™"*",

o input matrix B € R™*™,

@ output matrix C' € RP*™,

o state vector z(t) € R" with
z(to) = xo

@ input vector/control u(t) € R™

@ output y(t) € R?

Properties

@ n is the order of the system
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Model order reduction by Balanced Truncation

Linear time invariant systems

Input/output/state vectors

Linear time invariant system

z(t) = Az(t) + Bu(t)
y(t) = Cx(t)

v

Coefficient matrices

® system matrix A € R™"*",

o input matrix B € R™*™,

@ output matrix C' € RP*™,

o state vector z(t) € R" with
z(to) = xo

@ input vector/control u(t) € R™

@ output y(t) € R?

Properties

@ n is the order of the system

Many modern applications lead to
large systems orders n, e.g. n ~ 10°
or higher = very high computations
costs!
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Model order reduction by Balanced Truncation

Linear time invariant systems

Linear time invariant system

#(t) = Az(t) + Bu(t)
y(t) = Cxz(t)

A€ Rnxny Be Rnxm' Ce RPX",
z(t) € R™, u(t) € R™ and y(t) € RP.
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Model order reduction by Balanced Truncation

Linear time invariant systems

Model order reduction

Linear time invariant system () = GE()
z(t) = Az(t) + Bu(t)
y(t) = Cx(t) — AeR™", BER™™, C e RPX",
Z(t) e R", u(t) € R™ and j(t) € R?
AGR"X", BG]R"X"L, CGRPXH, SUCh that

z(t) € R™, u(t) € R™ and y(t) € RP.

and

r<<n.
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Model reduction by projection

Approximate state variable z(t) in a reduced basis, e.g. x(t) ~ VZ(t) for some
V eR™ and r < n:
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Model order reduction by Balanced Truncation

Model reduction by projection

Approximate state variable z(t) in a reduced basis, e.g. x(t) ~ VZ(t) for some
V eR™ and r < n:

2N

Vi(t) ~ AVE(t) + Bu(t)

(t) =CVz(t)

<

Let WTV =1 € R™*", W € R™™" and require Petrov-Galerkin condition:

W7 (Va(t) — (AVE(t) + Bu(t))) = 0.
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Model order reduction by Balanced Truncation

Model reduction by projection

Approximate state variable z(t) in a reduced basis, e.g. x(t) ~ VZ(t) for some
V eR™ and r < n:

Vi(t) ~ AVE(t) + Bu(t)
(t) = CVi(t)

2N

<

Let WTV =1 € R™*", W € R™™" and require Petrov-Galerkin condition:
W7 (Va(t) — (AVE(t) + Bu(t))) = 0.

Projection methods

i(t) = AZ(t) + Bu(t)
(t) = C&(t)

<

where A= WTAV e R™*", B=WTB e R"™™ and C = CV € RP*"
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Model reduction by projection

Approximate state variable z(t) in a reduced basis, e.g. x(t) ~ VZ(t) for some
V eR™ and r < n:

Vi(t) ~ AVE(t) + Bu(t)
(t) = CVi(t)

2N

<

Let WTV =1 € R™*", W € R™™" and require Petrov-Galerkin condition:

W7 (Va(t) — (AVE(t) + Bu(t))) = 0.

Projection methods

i(t) = AZ(t) + Bu(t)
g(t) = Cz(t)

where A= WTAV e R™*", B=WTB e R"™™ and C = CV € RP*"

Need to find projection matrices V' and W!
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Model order reduction by Balanced Truncation

Balanced Truncation - controllability /observability for deterministic case
z(t) = Az(t) + Bu(t), x(0)==xo
y(t) = Cx(t)

Observability

@ suppose u(t) = 0 for all ¢ € [0; T
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Model order reduction by Balanced Truncation

Balanced Truncation - controllability /observability for deterministic case
z(t) = Az(t) + Bu(t), x(0)==xo
y(t) = Cx(t)

Observability

o suppose u(t) = 0 for all t € [0;T] = y(t) = Ce'*ao
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Model order reduction by Balanced Truncation

Balanced Truncation - controllability /observability for deterministic case
(t) = Ax(t) + Bu(t), =(0)=xo
y(t) = Cx(t)

Observability

o suppose u(t) = 0 for all t € [0;T] = y(t) = Ce'*ao

@ gauge how easy the initial state zo can be observed by the energy that
state produces (output) over the interval [0;7]: the more energy the state
produces, the easier it is to observe:

ar G

/ lly(®)||*dt :/ 2le " 0T et zodt = 2¥ Qrao
0 0

where Qr = fOT AT 0T CetAdt
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Model order reduction by Balanced Truncation

Balanced Truncation - controllability /observability for deterministic case
(t) = Ax(t) + Bu(t), =(0)=xo
y(t) = Cx(t)

Observability

o suppose u(t) = 0 for all t € [0;T] = y(t) = Ce'*ao

@ gauge how easy the initial state zo can be observed by the energy that
state produces (output) over the interval [0;7]: the more energy the state
produces, the easier it is to observe:

ar G

/ lly(®)||*dt :/ 2le " 0T et zodt = 2¥ Qrao
0 0

where Q1 = fOT etAT cTeetdt

4

Controllability /Reachability

@ amount of energy required (by input) to steer zg to the target .
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Model order reduction by Balanced Truncation

Balanced Truncation - controllability /observability for deterministic case
(t) = Ax(t) + Bu(t), =(0)=xo
y(t) = Cx(t)

Observability

o suppose u(t) = 0 for all t € [0;T] = y(t) = Ce'*ao

@ gauge how easy the initial state zo can be observed by the energy that
state produces (output) over the interval [0;7]: the more energy the state
produces, the easier it is to observe:

ar G

/ lly(®)||*dt :/ 2le " 0T et zodt = 2¥ Qrao
0 0

where Q1 = fOT etAT cTeetdt

4

Controllability /Reachability

@ amount of energy required (by input) to steer zg to the target .

@ similar derivation gives

T 7
/ |u(t)|?dt = % Py 'er  where Pr = / e“BB e dt.
0 0
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Model order reduction by Balanced Truncation

Balanced Truncation - controllability and observability

Controllability

Let A be stable. The unique solution P of the Lyapunov equation

AP+ PAT = —BBT

is positive definite if and only if the pair (A, B) is controllable.

pP= / A" BBTeA ™ dr  Controllability Gramian.
0
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Balanced Truncation - controllability and observability

Controllability

Let A be stable. The unique solution P of the Lyapunov equation
AP + PAT = —BB”

is positive definite if and only if the pair (A, B) is controllable.

pP= / A" BBTeA ™ dr  Controllability Gramian.
0

Observability

Let A be stable. The unique solution @) of the Lyapunov equation
ATQ+QA=-C"C

is positive definite if and only if the pair (A4, C') is observable.

Q= /eATTCTCeAT dr  Observability Gramian.
0

\
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Balanced Truncation

Idea behind Balanced Truncation

o States that are difficult to reach have large components in the span of the
eigenvectors corresponding to small eigenvalues of the reachability
Gramian P

o States that are difficult to observe have large components in the span of

eigenvectors corresponding to small eigenvalues of the observability
Gramian @
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Model order reduction by Balanced Truncation

Balanced Truncation

Idea behind Balanced Truncation

o States that are difficult to reach have large components in the span of the
eigenvectors corresponding to small eigenvalues of the reachability
Gramian P

o States that are difficult to observe have large components in the span of
eigenvectors corresponding to small eigenvalues of the observability
Gramian @

@ eliminates states that are both difficult to reach and difficult to observe.
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Balanced Truncation

Idea behind Balanced Truncation

o States that are difficult to reach have large components in the span of the
eigenvectors corresponding to small eigenvalues of the reachability
Gramian P

o States that are difficult to observe have large components in the span of
eigenvectors corresponding to small eigenvalues of the observability
Gramian @

o eliminates states that are both difficult to reach and difficult to observe.

o find a basis in which the dominant reachable and observable states are the
same

v
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Balanced Truncation (BT)

Balanced System

A stable linear system
z(t) = Az(t) + Bu(t)
y(t) = Cx(t)
is called balanced if the observability/controllability Gramians P, @ from
AP+ PA" =-BB", ATQ+QA=-C"C

satisfy P = Q = diag(o1,...,0n,) with 01 > 02 > -+ > 05, > 0 called Hankel
Singular Values, given by \/A(PQ) = {o1,...,0n} = X.
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Balanced Truncation (BT)

Balanced System

A stable linear system

z(t) = Az(t) + Bu(t)
y(t) = Cx(t)

is called balanced if the observability/controllability Gramians P, @ from
AP+ PAT = —BBT, ATQ+QA=-C"C

satisfy P = Q = diag(o1,...,0n,) with 01 > 02 > -+ > 05, > 0 called Hankel
Singular Values, given by \/A(PQ) = {o1,...,0n} = X.

| A

Balancing Transformation

Transformation & = Tz, T € R™*™, always exists if P,@Q > 0 and can be

chosen as . .
T=x2:U"LY and T '=KVEZ 2,

where ¥ = diag(o1,...,0,) and P = KK*, Q = LL* and K*L = VXU”.

4
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Balanced Truncation (BT)

Balancing Transformation

Transformation # = Tz, T € R™*", always exists if P,@Q > 0 and can be
chosen as

T=3"20TLT and T '=KVE 2,

where 3 = diag(c1,...,0,) and P = KK”, Q = LL" and KTL = VXU”
gives the required matrices.

(A,B,C) = (TAT ', TB,CT™ ")

Balanced Gramians P = TPT" and Q =T-TQT~! which are equal and
diagonal and

a20-([i 2] 3] 10 )
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Balanced Truncation (BT)

Balancing Transformation

Transformation # = Tz, T € R™*", always exists if P,@Q > 0 and can be
chosen as

T=x"20TLT and T '=KVE 2,

where ¥ = diag(o1,...,0,) and P = KK”, Q = LL" and KL = VXUT
gives the required matrices.

(A,B,C) = (TAT ', TB,CT™")

Balanced Gramians P = TPT” and Q = T-7QT " which are equal and
diagonal and

ano=([5 a2 [a] e a).

Truncating

| \

By truncating the discardable states, the truncated reduced system is then
given by (A11, B1,Ch).

\
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e Application to weak constraint 4D-Var
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Application to weak constraint 4D-Var

Concise notation for incremental 4D-Var (all-at-once approach)

Minimise 1 1
J(6z) = 5 ILoz b1 + 5 |[How — |-
with
I
M, I
L =
—Mpy I
Hy
H,
H =
Hy

o L - all-at-once model operator over the assimilation window

o H - all-at-once observation operator
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Application to weak constraint 4D-Var

Balanced truncation for weak constraint 4D-Var

Idea: Project M}, and Hj onto lower dimensional subspace

M, =WTM,V e R™"
Hk = H,V € RPFX"

where W and V are obtained from Balanced Truncation.
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Application to weak constraint 4D-Var

Balanced truncation for weak constraint 4D-Var

Idea: Project M}, and Hj onto lower dimensional subspace
M, =W" MV e R™*"
Hy, = H,V € RPF*"

where W and V are obtained from Balanced Truncation.
Projection of the covariance matrices:

B=W"BW, Qi=W"QW

e.g.
I 1~ -
J(0%) = §||L§x —b

2 1 T Sall2
|ﬁ71 + 5||d*H(§$”R;1,

where 62 = WPz, L, H, etc projected versions of L, H.
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Balanced truncation for weak constraint 4D-Var

Consider linear discrete system

5:17_1 = 0,
0xpy1 = Moxk + un,
di = H5Z'k,

where, in the weak constraint data assimilation case, the inputs are:

N(0,B), fork=-1
N(0,Qr), for k> 0.

K~
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Balanced truncation for weak constraint 4D-Var

Consider linear discrete system

5:17_1 = 0,
0xpy1 = Moxk + un,
dk = Héxk,

where, in the weak constraint data assimilation case, the inputs are:

N(0,B), fork=-1
"IN, Qr), for k> 0.

Reachability and observability Gramians (for the discrete version)

gr =B + ZMjQ(MT)jy
j=1
Go =Y (M"Y H"RHM,

=0
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Balanced truncation for weak constraint 4D-Var

Approach: Solve discrete Lyapunov (or Stein) equations:
G = MG.M" + B+ M(Q-B)M",
Go=M"G,M + H'RH.
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Application to weak constraint 4D-Var

Balanced truncation for weak constraint 4D-Var

Approach: Solve discrete Lyapunov (or Stein) equations:
Gr=MGM" + B+ M(Q—-BM”,
Go=M"GoM + H"RH.
Decompose G, = KK, G, = LLT and compute SVD of
KTL=2z3Y7,

where ¥ = diag(o1,...,0,) are the Hankel singular values.
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Application to weak constraint 4D-Var

Balanced truncation for weak constraint 4D-Var

Approach: Solve discrete Lyapunov (or Stein) equations:
Gr=MGM" + B+ M(Q—-BM”,
Go=M"GoM + H"RH.

Decompose G, = KK, G, = LLT and compute SVD of

K'L=2z%y",

where ¥ = diag(o1,...,0n) are the Hankel singular values.
Projection matrices are

_1
V=KZ%, 2% e R,

_1
W =LY, %% ¢ R,
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@ Numerical results



Low dimensional approximation of weak constraint variational data assimilation

Numerical results

One-dimensional advection-diffusion system

2

7] 0 7]
. z,t) = O.lwu(x,t) + 1.4%u(1’, t)

(
for x € [0,1], t € (0,T), subject to the boundary and initial conditions

0, t<(0,T)
0, te (0,T)
sin(wx), x € [0,1].

u(0,
u(l

)

S+

)
)
u(z,0)

Crank-Nicolson scheme, n = 500, At = 10~2. Assimilation window 200 time
steps.
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Numerical results

One-dimensional advection-diffusion system

10°F e 10°

Root Mean Squared Error (RMSE)
Root Mean Squared Error (RMSE)

107 ol
1070 200 300 100 500 600 700 00 500 1000 1070 200 300 100 500 600 700 00 500 1000
Timestep Timestep
(a) r=20 (b)yr=5
=== Initial Guess No projection @ Coarse projection == Balanced truncation

Figure: RMS error for the 1D advection-diffusion example with full, noisy observations
(r =20, r =5).
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Numerical results

One-dimensional advection-diffusion system

10! T — 10° T —
T
-4
m e I
4 4
2 2
Sl S U
g g
Iisj I}
& &
= o p = 0
s s
I3 I3
i ‘MMMMMM.. : {
1070 200 300 100 500 600 700 00 500 1000 1070 200 300 100 500 600 700 00 500 1000
Timestep Timestep
(a) r=20 (b)yr=5
=== Initial Guess No projection @ Coarse projection == Balanced truncation

Figure: RMS error for the 1D advection-diffusion example with partial, noisy
observations (r = 20, r = 5).
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Numerical results

One-dimensional advection-diffusion system

Projection method Forming CG Total
matrices  solve

No proj. 0 5.0049 5.0049

BT (r = 20) 1.2271 0.1419 1.3690

Coarse proj. (r =20) 0.0009 0.0208 0.0217

BT (r = 5) 11778 0.0467 12245
Coarse proj. (r=15)  0.0007 0.0125 0.0132

Table: Computation time for 1D advection-diffusion equation example (r = 20, r = 5).
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Conclusions and future work

o Balanced truncation effective reducing the dimension of forward model
o Expensive offline phase, cheap online computation
°

Computable error bounds available

Reduction in storage and computing time
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Conclusions

Conclusions and future work

Conclusions

o Balanced truncation effective reducing the dimension of forward model
o Expensive offline phase, cheap online computation
o Computable error bounds available

@ Reduction in storage and computing time
W

o Better methods for nonlinear problems (POD-DEIM)

@ Online model reduction
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