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The Plan

1 Model Parametrized PDEs 

2 Model + Data Data Assimilation 

3 Data 

 
Stability-based Optimal Experimental Design 
via Projection-based Model Order Reduction 
  

4 Connections Bayesian Setting 

 



PARAMETRIZED PDEs
1 - MODEL



Parametrized PDEs
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Model

Find  ! in  " such that 

a(u, v) = f(v) 8 v 2 V

<latexit sha1_base64="zA+iW+9Oq0LOkEAOJ/33nNw4QTA=">AAACJHicbVDLSgMxFM34rPVVdekmWIQKUmakoiBCwY3LCvYBnVLuZDJtaCYzTTKFMvRj3Pgrblz4wIUbv8X0gWjrgXAP595L7jlezJnStv1pLS2vrK6tZzaym1vbO7u5vf2aihJJaJVEPJINDxTlTNCqZprTRiwphB6nda93M+7XB1QqFol7PYxpK4SOYAEjoI3Uzl25XsR9NQxNwSkUktPBCb7GQcEUt99PwP8pQSSBc+ziAXaZwLVRO5e3i/YEeJE4M5JHM1TauTfXj0gSUqEJB6Wajh3rVgpSM8LpKOsmisZAetChTUMFhFS10onJET42io/NEeYJjSfq740UQjX2YSZD0F013xuL//WaiQ4uWykTcaKpINOPgoRjHeFxYthnkhLNh4YAkczcikkXJBBtcs2aEJx5y4ukdlZ0SsXzu1K+XJrFkUGH6AgVkIMuUBndogqqIoIe0BN6Qa/Wo/VsvVsf09Ela7ZzgP7A+voG76ejGA==</latexit>
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Model

Find  ! in  " such that 

a(u, v) = f(v) 8 v 2 V

<latexit sha1_base64="zA+iW+9Oq0LOkEAOJ/33nNw4QTA=">AAACJHicbVDLSgMxFM34rPVVdekmWIQKUmakoiBCwY3LCvYBnVLuZDJtaCYzTTKFMvRj3Pgrblz4wIUbv8X0gWjrgXAP595L7jlezJnStv1pLS2vrK6tZzaym1vbO7u5vf2aihJJaJVEPJINDxTlTNCqZprTRiwphB6nda93M+7XB1QqFol7PYxpK4SOYAEjoI3Uzl25XsR9NQxNwSkUktPBCb7GQcEUt99PwP8pQSSBc+ziAXaZwLVRO5e3i/YEeJE4M5JHM1TauTfXj0gSUqEJB6Wajh3rVgpSM8LpKOsmisZAetChTUMFhFS10onJET42io/NEeYJjSfq740UQjX2YSZD0F013xuL//WaiQ4uWykTcaKpINOPgoRjHeFxYthnkhLNh4YAkczcikkXJBBtcs2aEJx5y4ukdlZ0SsXzu1K+XJrFkUGH6AgVkIMuUBndogqqIoIe0BN6Qa/Wo/VsvVsf09Ela7ZzgP7A+voG76ejGA==</latexit>

Au = f

<latexit sha1_base64="8nUEng7GPL7GNaUK6IOiRJbVsnM=">AAACI3icbVDLSsNAFJ34rPUVdelmsAiuSiIFiyBU3LisYB/QhDKZTtqhM5kwMxFKyL+48VfcuFCKGxf+i5M0C209MNzDufcy95wgZlRpx/my1tY3Nre2KzvV3b39g0P76LirRCIx6WDBhOwHSBFGI9LRVDPSjyVBPGCkF0zv8n7viUhFRfSoZzHxORpHNKQYaSMN7WvoBYKN1IybkkKPIz2RPC1qEKa3MMkyeLOih1mWDe2aU3cKwFXilqQGSrSH9twbCZxwEmnMkFID14m1nyKpKWYkq3qJIjHCUzQmA0MjxIny08JjBs+NMoKhkOZFGhbq740UcZW7MJP5jWq5l4v/9QaJDpt+SqM40STCi4/ChEEtYB4YHFFJsGYzQxCW1NwK8QRJhLWJtWpCcJctr5LuZd1t1JsPjVqrUcZRAafgDFwAF1yBFrgHbdABGDyDV/AOPqwX682aW5+L0TWr3DkBf2B9/wD5LaW2</latexit>
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Model

Find  ! in  " such that 

where the space " is equipped with 

inner product 

norm

a(u, v) = f(v) 8 v 2 V

<latexit sha1_base64="zA+iW+9Oq0LOkEAOJ/33nNw4QTA=">AAACJHicbVDLSgMxFM34rPVVdekmWIQKUmakoiBCwY3LCvYBnVLuZDJtaCYzTTKFMvRj3Pgrblz4wIUbv8X0gWjrgXAP595L7jlezJnStv1pLS2vrK6tZzaym1vbO7u5vf2aihJJaJVEPJINDxTlTNCqZprTRiwphB6nda93M+7XB1QqFol7PYxpK4SOYAEjoI3Uzl25XsR9NQxNwSkUktPBCb7GQcEUt99PwP8pQSSBc+ziAXaZwLVRO5e3i/YEeJE4M5JHM1TauTfXj0gSUqEJB6Wajh3rVgpSM8LpKOsmisZAetChTUMFhFS10onJET42io/NEeYJjSfq740UQjX2YSZD0F013xuL//WaiQ4uWykTcaKpINOPgoRjHeFxYthnkhLNh4YAkczcikkXJBBtcs2aEJx5y4ukdlZ0SsXzu1K+XJrFkUGH6AgVkIMuUBndogqqIoIe0BN6Qa/Wo/VsvVsf09Ela7ZzgP7A+voG76ejGA==</latexit>

k · kV = (·, ·)
1
2
V

<latexit sha1_base64="gWQoBgJcs+F+X/YgzlTNLtAY6MY=">AAACHnicbVBNS8MwGE79nPNr6tFLcAgTZLRjQy/CwIvHCe4D1lrSNN3C0qYkqTC6/RIv/hUvHhQRPOm/Met60M0Hkjx5nvcleR8vZlQq0/w2VlbX1jc2C1vF7Z3dvf3SwWFH8kRg0saccdHzkCSMRqStqGKkFwuCQo+Rrje6nvndByIk5dGdGsfECdEgogHFSGnJLTVsjzNfjkN9wNSe2Njnyp64HXgFK9nlPNvP3M59agcCYas2nbqlslk1M8BlYuWkDHK03NKn7XOchCRSmCEp+5YZKydFQlHMyLRoJ5LECI/QgPQ1jVBIpJNm403hqVZ8GHChV6Rgpv7uSFEoZxPoyhCpoVz0ZuJ/Xj9RwaWT0ihOFInw/KEgYVBxOMsK+lQQrNhYE4QF1X+FeIh0BkonWtQhWIsjL5NOrWrVq43berlZz+MogGNwAirAAhegCW5AC7QBBo/gGbyCN+PJeDHejY956YqR9xyBPzC+fgDMiqI5</latexit>

(·, ·)V

<latexit sha1_base64="VmrWhGbsDSom2O8Omc5o1EJWKa0=">AAACBXicbVBNS8MwGE7n15xfVY96KA5hgoxWJnocePE4wX3AWkqapltYmpQkFUbZxYt/xYsHRbz6H7z5b0y7HnTzgSQPz/O+5H2fIKFEKtv+Niorq2vrG9XN2tb2zu6euX/QkzwVCHcRp1wMAigxJQx3FVEUDxKBYRxQ3A8mN7nff8BCEs7u1TTBXgxHjEQEQaUl3zx2A05DOY31kzVcFHJ1Xtxnfm/mm3W7aRewlolTkjoo0fHNLzfkKI0xU4hCKYeOnSgvg0IRRPGs5qYSJxBN4AgPNWUwxtLLii1m1qlWQiviQh+mrEL93ZHBWOaD6soYqrFc9HLxP2+YqujaywhLUoUZmn8UpdRS3MojsUIiMFJ0qglEguhZLTSGAiKlg6vpEJzFlZdJ76LptJqXd616u1XGUQVH4AQ0gAOuQBvcgg7oAgQewTN4BW/Gk/FivBsf89KKUfYcgj8wPn8AffGYhg==</latexit>
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Parametrized Model

Find  !($) in  " such that 

where the space " is equipped with 

inner product 

norm

and the hyper-parameter, $ ∈ ' , represents variabilities or uncertainties.

k · kV = (·, ·)
1
2
V

<latexit sha1_base64="gWQoBgJcs+F+X/YgzlTNLtAY6MY=">AAACHnicbVBNS8MwGE79nPNr6tFLcAgTZLRjQy/CwIvHCe4D1lrSNN3C0qYkqTC6/RIv/hUvHhQRPOm/Met60M0Hkjx5nvcleR8vZlQq0/w2VlbX1jc2C1vF7Z3dvf3SwWFH8kRg0saccdHzkCSMRqStqGKkFwuCQo+Rrje6nvndByIk5dGdGsfECdEgogHFSGnJLTVsjzNfjkN9wNSe2Njnyp64HXgFK9nlPNvP3M59agcCYas2nbqlslk1M8BlYuWkDHK03NKn7XOchCRSmCEp+5YZKydFQlHMyLRoJ5LECI/QgPQ1jVBIpJNm403hqVZ8GHChV6Rgpv7uSFEoZxPoyhCpoVz0ZuJ/Xj9RwaWT0ihOFInw/KEgYVBxOMsK+lQQrNhYE4QF1X+FeIh0BkonWtQhWIsjL5NOrWrVq43berlZz+MogGNwAirAAhegCW5AC7QBBo/gGbyCN+PJeDHejY956YqR9xyBPzC+fgDMiqI5</latexit>

(·, ·)V

<latexit sha1_base64="VmrWhGbsDSom2O8Omc5o1EJWKa0=">AAACBXicbVBNS8MwGE7n15xfVY96KA5hgoxWJnocePE4wX3AWkqapltYmpQkFUbZxYt/xYsHRbz6H7z5b0y7HnTzgSQPz/O+5H2fIKFEKtv+Niorq2vrG9XN2tb2zu6euX/QkzwVCHcRp1wMAigxJQx3FVEUDxKBYRxQ3A8mN7nff8BCEs7u1TTBXgxHjEQEQaUl3zx2A05DOY31kzVcFHJ1Xtxnfm/mm3W7aRewlolTkjoo0fHNLzfkKI0xU4hCKYeOnSgvg0IRRPGs5qYSJxBN4AgPNWUwxtLLii1m1qlWQiviQh+mrEL93ZHBWOaD6soYqrFc9HLxP2+YqujaywhLUoUZmn8UpdRS3MojsUIiMFJ0qglEguhZLTSGAiKlg6vpEJzFlZdJ76LptJqXd616u1XGUQVH4AQ0gAOuQBvcgg7oAgQewTN4BW/Gk/FivBsf89KKUfYcgj8wPn8AffGYhg==</latexit>

a(u(✓), v; ✓) = f(v) 8 v 2 V

<latexit sha1_base64="eyoTjXIryzlZdsZBt6ycsxNFDg8="></latexit>
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Example 

Wellmann and Reid, “Basin-scale Geothermal Model Calibration: Experience from the Perth Basin, Australia”, Energy Procedia, 59:382-389, 2014.

0RWLYDWLRQ

:HOOPDQQ -�)�� 5HLG /�%��

%DVLQ�VFDOH *HRWKHUPDO 0RGHO &DOLEUDWLRQ� ([SHULHQFH IURP WKH 3HUWK %DVLQ� $XVWUDOLD�

(QHUJ\ 3URFHGLD� 9ROXPH ��� ����� 3DJHV �������� &UHDWLYH &RPPRQV OLFHQVH && %<�1&�1'

� RI �� 6HQVRU 6HOHFWLRQ IRU %D\HVLDQ ,QYHUVH 3UREOHPV DQG 'DWD $VVLPLODWLRQ YLD
'LPHQVLRQ 5HGXFWLRQ
1LFROH $UHW]�1HOOHVHQ _ QHOOHVHQ#DLFHV�UZWK�DDFKHQ�GH _ 5:7+ $DFKHQ
9LUWXDO ,&(50 ZRUNVKRS _ 0DUFK ��� ����

Modern 

Inverse 

Problems
M P

i

Perth Basin

• Model: heat conduction

• Hyper-parameters: conductivities

[Figure courtesy of F. Wellmann (RWTH Aachen)]
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Parametrized Model

Find  !($) in  " such that 

a(u(✓), v; ✓) = f(v) 8 v 2 V

<latexit sha1_base64="la87NAmokauwSPSGt0eOI9+WTkA="></latexit>

solution !(#) for some # in %

high-dimensional
(FE) solution space

&
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Parametrized Model

Find  !($) in  " such that 

solution manifold 
' ≔ ! # ∶ # ∈ %

&

a(u(✓), v; ✓) = f(v) 8 v 2 V

<latexit sha1_base64="la87NAmokauwSPSGt0eOI9+WTkA="></latexit>
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Parametrized Model

For $ ∈ ', find  ! $ in  " such that 

space that 
approximates '

&

a(u(✓), v; ✓) = f(v) 8 v 2 V

<latexit sha1_base64="la87NAmokauwSPSGt0eOI9+WTkA="></latexit>

'

&!
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Parametrized Model

Find  !($) in  " such that 

error
+(! # , &!)

&

a(u(✓), v; ✓) = f(v) 8 v 2 V

<latexit sha1_base64="la87NAmokauwSPSGt0eOI9+WTkA="></latexit>

'

&!
For each ! " #, the error is

! " # , %! ≔ '()" ∈$!
" # − +

(see, e.g., [COHEN & DEVORE, ’15])
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Parametrized Model

Find  !($) in  " such that 

largest error
-(',&!)

&

a(u(✓), v; ✓) = f(v) 8 v 2 V

<latexit sha1_base64="la87NAmokauwSPSGt0eOI9+WTkA="></latexit>

'

&!
For each ! " #, the error is

! " # , %! ≔ '()" ∈$!
" # − +

The error on $ is then

, -,%! ≔ ./0
% ∈ &

! " # , %!

(see, e.g., [COHEN & DEVORE, ’15])
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Parametrized Model

Find  !($) in  " such that 

largest error
-(',&!)

&

a(u(✓), v; ✓) = f(v) 8 v 2 V

<latexit sha1_base64="la87NAmokauwSPSGt0eOI9+WTkA="></latexit>

'

&!
For each ! " #, the error is

! " # , %! ≔ '()" ∈$!
" # − +

The error on $ is then

, -,%! ≔ ./0
% ∈ &

! " # , %!

(see, e.g., [COHEN & DEVORE, ’15])



DATA ASSIMILATION
2 - MODEL + DATA



Method of Least Squares

pPDEs and Least Squares

20

Given observations % = ' (t + + ∈ ℝ. , find the state (∗ ∈ $ such that 

u⇤ = arg min
u2M

kL(u) � dk2
Z

<latexit sha1_base64="1HtTfhP3k2xYE1/GJdEZGyDjOUE="></latexit>

true state
“!-true”



Method of Least Squares

Remarks

• Let  ' ( = [ /0 ( , /1 ( ,… , /2 ( ,… /. ( ]3 represent 3 measurements

• How do we choose the norm, 4 41 = 435 4 ?

• Standard choice is  5 = 650, where 6 is the observation error covariance matrix

• Here, we choose 5 such that we measure the observable distance between ( and (t

Given observations % = ' (t + + ∈ ℝ. , find the state (∗ ∈ $ such that 

pPDEs and Least Squares

21

u⇤ = arg min
u2M

kL(u) � dk2
Z

<latexit sha1_base64="1HtTfhP3k2xYE1/GJdEZGyDjOUE="></latexit>

true state
“!-true”



Given the measurement functionals /2, let  7. ⊂ 9 be the measurement space of observable states:

where 

[BENNETT, ’85]
[MADAY, PATERA, PENN & YANO, ’14]

[MOORE, ARANGO, EDWARDS, ’17]

pPDEs and Least Squares

22

orthonormal basis Riesz representers
of the measurement functionals

li(v) = (⇢i, v)V 8v 2 V

<latexit sha1_base64="+6ZjwhLmTDfiRKg9d/kLAnNBFXU="></latexit>

TM := span { ⌧i , i = 1, ...,M } = span { ⇢i , i = 1, ...,M }

<latexit sha1_base64="iY5vhgAbRrxY6ifVWZBtIYsaCWI="></latexit>



Given the measurement functionals /2, let  7. ⊂ 9 be the measurement space of observable states:

where 

[BENNETT, ’85]
[MADAY, PATERA, PENN & YANO, ’14]

[MOORE, ARANGO, EDWARDS, ’17]

By letting

it can be shown that

pPDEs and Least Squares

23

orthonormal basis Riesz representers
of the measurement functionals

li(v) = (⇢i, v)V 8v 2 V

<latexit sha1_base64="+6ZjwhLmTDfiRKg9d/kLAnNBFXU="></latexit>

TM := span { ⌧i , i = 1, ...,M } = span { ⇢i , i = 1, ...,M }

<latexit sha1_base64="iY5vhgAbRrxY6ifVWZBtIYsaCWI="></latexit>

Z�1
ij = (⇢j, ⇢i)V

<latexit sha1_base64="XBZP4FLzXYy7J7kr60XCQ7XECEc=">AAACFXicbVDLSsNAFJ3UV62vqks3g0WoUEsiBXUhFNy4rGAf2MQwmUzaaSeZMDMRSshPuPFX3LhQxK3gzr9x+lho64HhHs65l7n3eDGjUpnmt5FbWl5ZXcuvFzY2t7Z3irt7LckTgUkTc8ZFx0OSMBqRpqKKkU4sCAo9Rtre8Grstx+IkJRHt2oUEydEvYgGFCOlJbdYsT3OfDkKdUnv3JQOsvv0xMrgJSzbos/dQWVS6LHbytxiyayaE8BFYs1ICczQcItfts9xEpJIYYak7FpmrJwUCUUxI1nBTiSJER6iHulqGqGQSCedXJXBI634MOBCv0jBifp7IkWhHC+uO0Ok+nLeG4v/ed1EBedOSqM4USTC04+ChEHF4Tgi6FNBsGIjTRAWVO8KcR8JhJUOsqBDsOZPXiSt06pVq17c1Ep1cxZHHhyAQ1AGFjgDdXANGqAJMHgEz+AVvBlPxovxbnxMW3PGbGYf/IHx+QMFA56q</latexit>

kL(u) � dk2
Z = k⇧TM (u � ut)k2

V

<latexit sha1_base64="nEGEFtTQdROp98BVvn3fQ2XlXik="></latexit>



Method of Least Squares

pPDEs and Least Squares

24

Given (perfect) observations

% = ' (t ∈ ℝ.

find (∗ ∈ $ such that 

u⇤ = arg min
u2M

kL(u) � dk2
Z

<latexit sha1_base64="1HtTfhP3k2xYE1/GJdEZGyDjOUE="></latexit>



Method of Least Squares

pPDEs and Least Squares

25

measurement
space

TM

<latexit sha1_base64="BU3wWkOq/OaBW2rD6AZjhed3m4I=">AAAB+3icbVDNS8MwHE3n15xfdR69BIew02hl4I4DL16ECfsQtlLSNN3C0qQkqThK/xUvHhTx6j/izf/GdOtBNx+EPN77/cjLCxJGlXacb6uytb2zu1fdrx0cHh2f2Kf1oRKpxGSABRPyIUCKMMrJQFPNyEMiCYoDRkbB/KbwR49EKip4Xy8S4sVoymlEMdJG8u36JBAsVIvYXDCDff8u9+2G03KWgJvELUkDlOj59tckFDiNCdeYIaXGrpNoL0NSU8xIXpukiiQIz9GUjA3lKCbKy5bZc3hplBBGQprDNVyqvzcyFKsinpmMkZ6pda8Q//PGqY46XkZ5kmrC8eqhKGVQC1gUAUMqCdZsYQjCkpqsEM+QRFibumqmBHf9y5tkeNVy263OfbvRbZZ1VME5uABN4IJr0AW3oAcGAIMn8AxewZuVWy/Wu/WxGq1Y5c4Z+APr8weg6JQb</latexit>

Given (perfect) observations

% = ' (t ∈ ℝ.

find (∗ ∈ $ such that 

u⇤ = arg min
u2M

kL(u) � dk2
Z

<latexit sha1_base64="1HtTfhP3k2xYE1/GJdEZGyDjOUE="></latexit>



Method of Least Squares

pPDEs and Least Squares

26

measurement
space

TM

<latexit sha1_base64="BU3wWkOq/OaBW2rD6AZjhed3m4I=">AAAB+3icbVDNS8MwHE3n15xfdR69BIew02hl4I4DL16ECfsQtlLSNN3C0qQkqThK/xUvHhTx6j/izf/GdOtBNx+EPN77/cjLCxJGlXacb6uytb2zu1fdrx0cHh2f2Kf1oRKpxGSABRPyIUCKMMrJQFPNyEMiCYoDRkbB/KbwR49EKip4Xy8S4sVoymlEMdJG8u36JBAsVIvYXDCDff8u9+2G03KWgJvELUkDlOj59tckFDiNCdeYIaXGrpNoL0NSU8xIXpukiiQIz9GUjA3lKCbKy5bZc3hplBBGQprDNVyqvzcyFKsinpmMkZ6pda8Q//PGqY46XkZ5kmrC8eqhKGVQC1gUAUMqCdZsYQjCkpqsEM+QRFibumqmBHf9y5tkeNVy263OfbvRbZZ1VME5uABN4IJr0AW3oAcGAIMn8AxewZuVWy/Wu/WxGq1Y5c4Z+APr8weg6JQb</latexit>

Given (perfect) observations

% = ' (t ∈ ℝ.

find (∗ ∈ $ such that ⇧TMut

<latexit sha1_base64="FyX/mFIEk1ZnhRRiJQsl2mgg2Nk=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0XoqiRSUHcFN26ECn0ITQiTyaQdOjMJMxOhhGzd+CtuXCji1j9w5984bbPQ1gPDHM65l3vvCVNGlXacb6uytr6xuVXdru3s7u0f2IdHfZVkEpMeTlgi70OkCKOC9DTVjNynkiAeMjIIJ9czf/BApKKJ6OppSnyORoLGFCNtpMCGXpiwSE25+WDudWiQd4PbIgtyT3KoiyKw607TmQOuErckdVCiE9hfXpTgjBOhMUNKDV0n1X6OpKaYkaLmZYqkCE/QiAwNFYgT5efzSwp4ZpQIxok0T2g4V3935Iir2bKmkiM9VsveTPzPG2Y6vvRzKtJME4EXg+KMQZ3AWSwwopJgzaaGICyp2RXiMZIIaxNezYTgLp+8SvrnTbfVvLpr1duNMo4qOAGnoAFccAHa4AZ0QA9g8AiewSt4s56sF+vd+liUVqyy5xj8gfX5AyScmo8=</latexit>

u⇤ = arg min
u2M

kL(u) � dk2
Z

<latexit sha1_base64="1HtTfhP3k2xYE1/GJdEZGyDjOUE="></latexit>
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measurement
space

space of all states that
agree with the data

TM

<latexit sha1_base64="BU3wWkOq/OaBW2rD6AZjhed3m4I=">AAAB+3icbVDNS8MwHE3n15xfdR69BIew02hl4I4DL16ECfsQtlLSNN3C0qQkqThK/xUvHhTx6j/izf/GdOtBNx+EPN77/cjLCxJGlXacb6uytb2zu1fdrx0cHh2f2Kf1oRKpxGSABRPyIUCKMMrJQFPNyEMiCYoDRkbB/KbwR49EKip4Xy8S4sVoymlEMdJG8u36JBAsVIvYXDCDff8u9+2G03KWgJvELUkDlOj59tckFDiNCdeYIaXGrpNoL0NSU8xIXpukiiQIz9GUjA3lKCbKy5bZc3hplBBGQprDNVyqvzcyFKsinpmMkZ6pda8Q//PGqY46XkZ5kmrC8eqhKGVQC1gUAUMqCdZsYQjCkpqsEM+QRFibumqmBHf9y5tkeNVy263OfbvRbZZ1VME5uABN4IJr0AW3oAcGAIMn8AxewZuVWy/Wu/WxGq1Y5c4Z+APr8weg6JQb</latexit>

Given (perfect) observations

% = ' (t ∈ ℝ.

find (∗ ∈ $ such that ⇧TMut

<latexit sha1_base64="FyX/mFIEk1ZnhRRiJQsl2mgg2Nk=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0XoqiRSUHcFN26ECn0ITQiTyaQdOjMJMxOhhGzd+CtuXCji1j9w5984bbPQ1gPDHM65l3vvCVNGlXacb6uytr6xuVXdru3s7u0f2IdHfZVkEpMeTlgi70OkCKOC9DTVjNynkiAeMjIIJ9czf/BApKKJ6OppSnyORoLGFCNtpMCGXpiwSE25+WDudWiQd4PbIgtyT3KoiyKw607TmQOuErckdVCiE9hfXpTgjBOhMUNKDV0n1X6OpKaYkaLmZYqkCE/QiAwNFYgT5efzSwp4ZpQIxok0T2g4V3935Iir2bKmkiM9VsveTPzPG2Y6vvRzKtJME4EXg+KMQZ3AWSwwopJgzaaGICyp2RXiMZIIaxNezYTgLp+8SvrnTbfVvLpr1duNMo4qOAGnoAFccAHa4AZ0QA9g8AiewSt4s56sF+vd+liUVqyy5xj8gfX5AyScmo8=</latexit>

⇧TMut + T?
M

<latexit sha1_base64="3sDz6nVu7z7jbml5N3EJhB5H5Jk=">AAACE3icbVBNS8MwGE7n15xfVY9egkMYCqOVgXobePEiTNgXrLWkabaFpU1JUmGU/gcv/hUvHhTx6sWb/8Z060E3Hwh58jzvS9738WNGpbKsb6O0srq2vlHerGxt7+zumfsHXckTgUkHc8ZF30eSMBqRjqKKkX4sCAp9Rnr+5Dr3ew9ESMqjtprGxA3RKKJDipHSkmeeOj5ngZyG+oKp06Je2vZus8RLHRFClZ3p170TExFnnlm16tYMcJnYBamCAi3P/HICjpOQRAozJOXAtmLlpkgoihnJKk4iSYzwBI3IQNMIhUS66WynDJ5oJYBDLvSJFJypvztSFMp8bF0ZIjWWi14u/ucNEjW8dFMaxYkiEZ5/NEwYVBzmAcGACoIVm2qCsKB6VojHSCCsdIwVHYK9uPIy6Z7X7Ub96q5RbdaKOMrgCByDGrDBBWiCG9ACHYDBI3gGr+DNeDJejHfjY15aMoqeQ/AHxucPnmOejw==</latexit>

u⇤ = arg min
u2M

kL(u) � dk2
Z

<latexit sha1_base64="1HtTfhP3k2xYE1/GJdEZGyDjOUE="></latexit>
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measurement
space

space of all states that
agree with the data

TM

<latexit sha1_base64="BU3wWkOq/OaBW2rD6AZjhed3m4I=">AAAB+3icbVDNS8MwHE3n15xfdR69BIew02hl4I4DL16ECfsQtlLSNN3C0qQkqThK/xUvHhTx6j/izf/GdOtBNx+EPN77/cjLCxJGlXacb6uytb2zu1fdrx0cHh2f2Kf1oRKpxGSABRPyIUCKMMrJQFPNyEMiCYoDRkbB/KbwR49EKip4Xy8S4sVoymlEMdJG8u36JBAsVIvYXDCDff8u9+2G03KWgJvELUkDlOj59tckFDiNCdeYIaXGrpNoL0NSU8xIXpukiiQIz9GUjA3lKCbKy5bZc3hplBBGQprDNVyqvzcyFKsinpmMkZ6pda8Q//PGqY46XkZ5kmrC8eqhKGVQC1gUAUMqCdZsYQjCkpqsEM+QRFibumqmBHf9y5tkeNVy263OfbvRbZZ1VME5uABN4IJr0AW3oAcGAIMn8AxewZuVWy/Wu/WxGq1Y5c4Z+APr8weg6JQb</latexit>

⇧TMut + T?
M

<latexit sha1_base64="3sDz6nVu7z7jbml5N3EJhB5H5Jk=">AAACE3icbVBNS8MwGE7n15xfVY9egkMYCqOVgXobePEiTNgXrLWkabaFpU1JUmGU/gcv/hUvHhTx6sWb/8Z060E3Hwh58jzvS9738WNGpbKsb6O0srq2vlHerGxt7+zumfsHXckTgUkHc8ZF30eSMBqRjqKKkX4sCAp9Rnr+5Dr3ew9ESMqjtprGxA3RKKJDipHSkmeeOj5ngZyG+oKp06Je2vZus8RLHRFClZ3p170TExFnnlm16tYMcJnYBamCAi3P/HICjpOQRAozJOXAtmLlpkgoihnJKk4iSYzwBI3IQNMIhUS66WynDJ5oJYBDLvSJFJypvztSFMp8bF0ZIjWWi14u/ucNEjW8dFMaxYkiEZ5/NEwYVBzmAcGACoIVm2qCsKB6VojHSCCsdIwVHYK9uPIy6Z7X7Ub96q5RbdaKOMrgCByDGrDBBWiCG9ACHYDBI3gGr+DNeDJejHfjY15aMoqeQ/AHxucPnmOejw==</latexit>

⇧TMut

<latexit sha1_base64="FyX/mFIEk1ZnhRRiJQsl2mgg2Nk=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0XoqiRSUHcFN26ECn0ITQiTyaQdOjMJMxOhhGzd+CtuXCji1j9w5984bbPQ1gPDHM65l3vvCVNGlXacb6uytr6xuVXdru3s7u0f2IdHfZVkEpMeTlgi70OkCKOC9DTVjNynkiAeMjIIJ9czf/BApKKJ6OppSnyORoLGFCNtpMCGXpiwSE25+WDudWiQd4PbIgtyT3KoiyKw607TmQOuErckdVCiE9hfXpTgjBOhMUNKDV0n1X6OpKaYkaLmZYqkCE/QiAwNFYgT5efzSwp4ZpQIxok0T2g4V3935Iir2bKmkiM9VsveTPzPG2Y6vvRzKtJME4EXg+KMQZ3AWSwwopJgzaaGICyp2RXiMZIIaxNezYTgLp+8SvrnTbfVvLpr1duNMo4qOAGnoAFccAHa4AZ0QA9g8AiewSt4s56sF+vd+liUVqyy5xj8gfX5AyScmo8=</latexit>

u⇤

<latexit sha1_base64="a0LmkA3H8mfyRHpBG9I7xqSMqi0=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxCcVFmpKDuCm5cVrAPaMeSyaRtaCYzJBmljP0UNy4UceuXuPNvzLSz0NYDIYdz7iUnx485U9pxvq3C2vrG5lZxu7Szu7d/YJcP2ypKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ9eZ33mgUrFI3OlpTL0QjwQbMoK1kQZ2ue9HPFDT0FwoTe7PZgO74tScOdAqcXNSgRzNgf3VDyKShFRowrFSPdeJtZdiqRnhdFbqJ4rGmEzwiPYMFTikykvn0Wfo1CgBGkbSHKHRXP29keJQZenMZIj1WC17mfif10v08NJLmYgTTQVZPDRMONIRynpAAZOUaD41BBPJTFZExlhiok1bJVOCu/zlVdI+r7n12tVtvdKo5nUU4RhOoAouXEADbqAJLSDwCM/wCm/Wk/VivVsfi9GCle8cwR9Ynz9Bm5Pv</latexit>

Given (perfect) observations

% = ' (t ∈ ℝ.

find (∗ ∈ $ such that 

u⇤ = arg min
u2M

kL(u) � dk2
Z

<latexit sha1_base64="1HtTfhP3k2xYE1/GJdEZGyDjOUE="></latexit>
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measurement
space

space of all states that
agree with the data

TM

<latexit sha1_base64="BU3wWkOq/OaBW2rD6AZjhed3m4I=">AAAB+3icbVDNS8MwHE3n15xfdR69BIew02hl4I4DL16ECfsQtlLSNN3C0qQkqThK/xUvHhTx6j/izf/GdOtBNx+EPN77/cjLCxJGlXacb6uytb2zu1fdrx0cHh2f2Kf1oRKpxGSABRPyIUCKMMrJQFPNyEMiCYoDRkbB/KbwR49EKip4Xy8S4sVoymlEMdJG8u36JBAsVIvYXDCDff8u9+2G03KWgJvELUkDlOj59tckFDiNCdeYIaXGrpNoL0NSU8xIXpukiiQIz9GUjA3lKCbKy5bZc3hplBBGQprDNVyqvzcyFKsinpmMkZ6pda8Q//PGqY46XkZ5kmrC8eqhKGVQC1gUAUMqCdZsYQjCkpqsEM+QRFibumqmBHf9y5tkeNVy263OfbvRbZZ1VME5uABN4IJr0AW3oAcGAIMn8AxewZuVWy/Wu/WxGq1Y5c4Z+APr8weg6JQb</latexit>

⇧TMut + T?
M

<latexit sha1_base64="3sDz6nVu7z7jbml5N3EJhB5H5Jk=">AAACE3icbVBNS8MwGE7n15xfVY9egkMYCqOVgXobePEiTNgXrLWkabaFpU1JUmGU/gcv/hUvHhTx6sWb/8Z060E3Hwh58jzvS9738WNGpbKsb6O0srq2vlHerGxt7+zumfsHXckTgUkHc8ZF30eSMBqRjqKKkX4sCAp9Rnr+5Dr3ew9ESMqjtprGxA3RKKJDipHSkmeeOj5ngZyG+oKp06Je2vZus8RLHRFClZ3p170TExFnnlm16tYMcJnYBamCAi3P/HICjpOQRAozJOXAtmLlpkgoihnJKk4iSYzwBI3IQNMIhUS66WynDJ5oJYBDLvSJFJypvztSFMp8bF0ZIjWWi14u/ucNEjW8dFMaxYkiEZ5/NEwYVBzmAcGACoIVm2qCsKB6VojHSCCsdIwVHYK9uPIy6Z7X7Ub96q5RbdaKOMrgCByDGrDBBWiCG9ACHYDBI3gGr+DNeDJejHfjY15aMoqeQ/AHxucPnmOejw==</latexit>

⇧TMut

<latexit sha1_base64="FyX/mFIEk1ZnhRRiJQsl2mgg2Nk=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0XoqiRSUHcFN26ECn0ITQiTyaQdOjMJMxOhhGzd+CtuXCji1j9w5984bbPQ1gPDHM65l3vvCVNGlXacb6uytr6xuVXdru3s7u0f2IdHfZVkEpMeTlgi70OkCKOC9DTVjNynkiAeMjIIJ9czf/BApKKJ6OppSnyORoLGFCNtpMCGXpiwSE25+WDudWiQd4PbIgtyT3KoiyKw607TmQOuErckdVCiE9hfXpTgjBOhMUNKDV0n1X6OpKaYkaLmZYqkCE/QiAwNFYgT5efzSwp4ZpQIxok0T2g4V3935Iir2bKmkiM9VsveTPzPG2Y6vvRzKtJME4EXg+KMQZ3AWSwwopJgzaaGICyp2RXiMZIIaxNezYTgLp+8SvrnTbfVvLpr1duNMo4qOAGnoAFccAHa4AZ0QA9g8AiewSt4s56sF+vd+liUVqyy5xj8gfX5AyScmo8=</latexit>

u⇤

<latexit sha1_base64="a0LmkA3H8mfyRHpBG9I7xqSMqi0=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxCcVFmpKDuCm5cVrAPaMeSyaRtaCYzJBmljP0UNy4UceuXuPNvzLSz0NYDIYdz7iUnx485U9pxvq3C2vrG5lZxu7Szu7d/YJcP2ypKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ9eZ33mgUrFI3OlpTL0QjwQbMoK1kQZ2ue9HPFDT0FwoTe7PZgO74tScOdAqcXNSgRzNgf3VDyKShFRowrFSPdeJtZdiqRnhdFbqJ4rGmEzwiPYMFTikykvn0Wfo1CgBGkbSHKHRXP29keJQZenMZIj1WC17mfif10v08NJLmYgTTQVZPDRMONIRynpAAZOUaD41BBPJTFZExlhiok1bJVOCu/zlVdI+r7n12tVtvdKo5nUU4RhOoAouXEADbqAJLSDwCM/wCm/Wk/VivVsfi9GCle8cwR9Ynz9Bm5Pv</latexit>

Given (perfect) observations

% = ' (t ∈ ℝ.

find (∗ ∈ $ such that 

u⇤ = arg min
u2M

kL(u) � dk2
Z

<latexit sha1_base64="1HtTfhP3k2xYE1/GJdEZGyDjOUE="></latexit>
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Given (perfect) observations

% = ' (t ∈ ℝ.

find (6∗ ∈ 96 such that 

measurement
space

space of all states that
agree with the data

TM

<latexit sha1_base64="BU3wWkOq/OaBW2rD6AZjhed3m4I=">AAAB+3icbVDNS8MwHE3n15xfdR69BIew02hl4I4DL16ECfsQtlLSNN3C0qQkqThK/xUvHhTx6j/izf/GdOtBNx+EPN77/cjLCxJGlXacb6uytb2zu1fdrx0cHh2f2Kf1oRKpxGSABRPyIUCKMMrJQFPNyEMiCYoDRkbB/KbwR49EKip4Xy8S4sVoymlEMdJG8u36JBAsVIvYXDCDff8u9+2G03KWgJvELUkDlOj59tckFDiNCdeYIaXGrpNoL0NSU8xIXpukiiQIz9GUjA3lKCbKy5bZc3hplBBGQprDNVyqvzcyFKsinpmMkZ6pda8Q//PGqY46XkZ5kmrC8eqhKGVQC1gUAUMqCdZsYQjCkpqsEM+QRFibumqmBHf9y5tkeNVy263OfbvRbZZ1VME5uABN4IJr0AW3oAcGAIMn8AxewZuVWy/Wu/WxGq1Y5c4Z+APr8weg6JQb</latexit>

⇧TMut + T?
M

<latexit sha1_base64="3sDz6nVu7z7jbml5N3EJhB5H5Jk=">AAACE3icbVBNS8MwGE7n15xfVY9egkMYCqOVgXobePEiTNgXrLWkabaFpU1JUmGU/gcv/hUvHhTx6sWb/8Z060E3Hwh58jzvS9738WNGpbKsb6O0srq2vlHerGxt7+zumfsHXckTgUkHc8ZF30eSMBqRjqKKkX4sCAp9Rnr+5Dr3ew9ESMqjtprGxA3RKKJDipHSkmeeOj5ngZyG+oKp06Je2vZus8RLHRFClZ3p170TExFnnlm16tYMcJnYBamCAi3P/HICjpOQRAozJOXAtmLlpkgoihnJKk4iSYzwBI3IQNMIhUS66WynDJ5oJYBDLvSJFJypvztSFMp8bF0ZIjWWi14u/ucNEjW8dFMaxYkiEZ5/NEwYVBzmAcGACoIVm2qCsKB6VojHSCCsdIwVHYK9uPIy6Z7X7Ub96q5RbdaKOMrgCByDGrDBBWiCG9ACHYDBI3gGr+DNeDJejHfjY15aMoqeQ/AHxucPnmOejw==</latexit>

⇧TMut

<latexit sha1_base64="FyX/mFIEk1ZnhRRiJQsl2mgg2Nk=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0XoqiRSUHcFN26ECn0ITQiTyaQdOjMJMxOhhGzd+CtuXCji1j9w5984bbPQ1gPDHM65l3vvCVNGlXacb6uytr6xuVXdru3s7u0f2IdHfZVkEpMeTlgi70OkCKOC9DTVjNynkiAeMjIIJ9czf/BApKKJ6OppSnyORoLGFCNtpMCGXpiwSE25+WDudWiQd4PbIgtyT3KoiyKw607TmQOuErckdVCiE9hfXpTgjBOhMUNKDV0n1X6OpKaYkaLmZYqkCE/QiAwNFYgT5efzSwp4ZpQIxok0T2g4V3935Iir2bKmkiM9VsveTPzPG2Y6vvRzKtJME4EXg+KMQZ3AWSwwopJgzaaGICyp2RXiMZIIaxNezYTgLp+8SvrnTbfVvLpr1duNMo4qOAGnoAFccAHa4AZ0QA9g8AiewSt4s56sF+vd+liUVqyy5xj8gfX5AyScmo8=</latexit>

u⇤

<latexit sha1_base64="a0LmkA3H8mfyRHpBG9I7xqSMqi0=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxCcVFmpKDuCm5cVrAPaMeSyaRtaCYzJBmljP0UNy4UceuXuPNvzLSz0NYDIYdz7iUnx485U9pxvq3C2vrG5lZxu7Szu7d/YJcP2ypKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ9eZ33mgUrFI3OlpTL0QjwQbMoK1kQZ2ue9HPFDT0FwoTe7PZgO74tScOdAqcXNSgRzNgf3VDyKShFRowrFSPdeJtZdiqRnhdFbqJ4rGmEzwiPYMFTikykvn0Wfo1CgBGkbSHKHRXP29keJQZenMZIj1WC17mfif10v08NJLmYgTTQVZPDRMONIRynpAAZOUaD41BBPJTFZExlhiok1bJVOCu/zlVdI+r7n12tVtvdKo5nUU4RhOoAouXEADbqAJLSDwCM/wCm/Wk/VivVsfi9GCle8cwR9Ynz9Bm5Pv</latexit>

u⇤
N = arg min

u2VN

kL(u) � dk2
Z

<latexit sha1_base64="GvViS1AVqghoCsupgmvva7TKTYA="></latexit>
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Find given by

[MADAY, PATERA, PENN & YANO, ’14]

z⇤
N

<latexit sha1_base64="jlmhT0s9vEbyPTqZF3VaFN3pEtk=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+AQRGS0MlBvAy+eZIL7gK2WNE23sDQtSSrM2oP/ihcPinj13/Dmf2O69aCbD0Ie7/1+5OV5MaNSWda3UVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzRZe537omQNOK3ahwTJ0QDTgOKkdKSa+71vYj5chzqK324S48zN73OMtesWjVrAjhP7IJUQYGma371/QgnIeEKMyRlz7Zi5aRIKIoZySr9RJIY4REakJ6mHIVEOukkfwYPteLDIBL6cAUn6u+NFIUyj6gnQ6SGctbLxf+8XqKCcyelPE4U4Xj6UJAwqCKYlwF9KghWbKwJwoLqrBAPkUBY6coqugR79svzpH1as+u1i5t6tXFS1FEG++AAHAEbnIEGuAJN0AIYPIJn8ArejCfjxXg3PqajJaPY2QV/YHz+APK8lqc=</latexit>

arg inf
z2VN

k⇧TM (z � ut)k2

<latexit sha1_base64="xaOIFWW8QgoexeWRzmb8C0d3X6k="></latexit>

measurement
space

space of all states that
agree with the data

TM

<latexit sha1_base64="BU3wWkOq/OaBW2rD6AZjhed3m4I=">AAAB+3icbVDNS8MwHE3n15xfdR69BIew02hl4I4DL16ECfsQtlLSNN3C0qQkqThK/xUvHhTx6j/izf/GdOtBNx+EPN77/cjLCxJGlXacb6uytb2zu1fdrx0cHh2f2Kf1oRKpxGSABRPyIUCKMMrJQFPNyEMiCYoDRkbB/KbwR49EKip4Xy8S4sVoymlEMdJG8u36JBAsVIvYXDCDff8u9+2G03KWgJvELUkDlOj59tckFDiNCdeYIaXGrpNoL0NSU8xIXpukiiQIz9GUjA3lKCbKy5bZc3hplBBGQprDNVyqvzcyFKsinpmMkZ6pda8Q//PGqY46XkZ5kmrC8eqhKGVQC1gUAUMqCdZsYQjCkpqsEM+QRFibumqmBHf9y5tkeNVy263OfbvRbZZ1VME5uABN4IJr0AW3oAcGAIMn8AxewZuVWy/Wu/WxGq1Y5c4Z+APr8weg6JQb</latexit>

⇧TMut + T?
M

<latexit sha1_base64="3sDz6nVu7z7jbml5N3EJhB5H5Jk=">AAACE3icbVBNS8MwGE7n15xfVY9egkMYCqOVgXobePEiTNgXrLWkabaFpU1JUmGU/gcv/hUvHhTx6sWb/8Z060E3Hwh58jzvS9738WNGpbKsb6O0srq2vlHerGxt7+zumfsHXckTgUkHc8ZF30eSMBqRjqKKkX4sCAp9Rnr+5Dr3ew9ESMqjtprGxA3RKKJDipHSkmeeOj5ngZyG+oKp06Je2vZus8RLHRFClZ3p170TExFnnlm16tYMcJnYBamCAi3P/HICjpOQRAozJOXAtmLlpkgoihnJKk4iSYzwBI3IQNMIhUS66WynDJ5oJYBDLvSJFJypvztSFMp8bF0ZIjWWi14u/ucNEjW8dFMaxYkiEZ5/NEwYVBzmAcGACoIVm2qCsKB6VojHSCCsdIwVHYK9uPIy6Z7X7Ub96q5RbdaKOMrgCByDGrDBBWiCG9ACHYDBI3gGr+DNeDJejHfjY15aMoqeQ/AHxucPnmOejw==</latexit>

⇧TMut

<latexit sha1_base64="FyX/mFIEk1ZnhRRiJQsl2mgg2Nk=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0XoqiRSUHcFN26ECn0ITQiTyaQdOjMJMxOhhGzd+CtuXCji1j9w5984bbPQ1gPDHM65l3vvCVNGlXacb6uytr6xuVXdru3s7u0f2IdHfZVkEpMeTlgi70OkCKOC9DTVjNynkiAeMjIIJ9czf/BApKKJ6OppSnyORoLGFCNtpMCGXpiwSE25+WDudWiQd4PbIgtyT3KoiyKw607TmQOuErckdVCiE9hfXpTgjBOhMUNKDV0n1X6OpKaYkaLmZYqkCE/QiAwNFYgT5efzSwp4ZpQIxok0T2g4V3935Iir2bKmkiM9VsveTPzPG2Y6vvRzKtJME4EXg+KMQZ3AWSwwopJgzaaGICyp2RXiMZIIaxNezYTgLp+8SvrnTbfVvLpr1duNMo4qOAGnoAFccAHa4AZ0QA9g8AiewSt4s56sF+vd+liUVqyy5xj8gfX5AyScmo8=</latexit>

u⇤

<latexit sha1_base64="a0LmkA3H8mfyRHpBG9I7xqSMqi0=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxCcVFmpKDuCm5cVrAPaMeSyaRtaCYzJBmljP0UNy4UceuXuPNvzLSz0NYDIYdz7iUnx485U9pxvq3C2vrG5lZxu7Szu7d/YJcP2ypKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ9eZ33mgUrFI3OlpTL0QjwQbMoK1kQZ2ue9HPFDT0FwoTe7PZgO74tScOdAqcXNSgRzNgf3VDyKShFRowrFSPdeJtZdiqRnhdFbqJ4rGmEzwiPYMFTikykvn0Wfo1CgBGkbSHKHRXP29keJQZenMZIj1WC17mfif10v08NJLmYgTTQVZPDRMONIRynpAAZOUaD41BBPJTFZExlhiok1bJVOCu/zlVdI+r7n12tVtvdKo5nUU4RhOoAouXEADbqAJLSDwCM/wCm/Wk/VivVsfi9GCle8cwR9Ynz9Bm5Pv</latexit>
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measurement
space

TM

<latexit sha1_base64="BU3wWkOq/OaBW2rD6AZjhed3m4I=">AAAB+3icbVDNS8MwHE3n15xfdR69BIew02hl4I4DL16ECfsQtlLSNN3C0qQkqThK/xUvHhTx6j/izf/GdOtBNx+EPN77/cjLCxJGlXacb6uytb2zu1fdrx0cHh2f2Kf1oRKpxGSABRPyIUCKMMrJQFPNyEMiCYoDRkbB/KbwR49EKip4Xy8S4sVoymlEMdJG8u36JBAsVIvYXDCDff8u9+2G03KWgJvELUkDlOj59tckFDiNCdeYIaXGrpNoL0NSU8xIXpukiiQIz9GUjA3lKCbKy5bZc3hplBBGQprDNVyqvzcyFKsinpmMkZ6pda8Q//PGqY46XkZ5kmrC8eqhKGVQC1gUAUMqCdZsYQjCkpqsEM+QRFibumqmBHf9y5tkeNVy263OfbvRbZZ1VME5uABN4IJr0AW3oAcGAIMn8AxewZuVWy/Wu/WxGq1Y5c4Z+APr8weg6JQb</latexit>

T?
M

<latexit sha1_base64="2xOUHHUuBa/6IslyvikuN1wSXpA=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+IQdhqtDNxx4MWLMGEfwlpLmmZbWJqEJBVG3cF/xYsHRbz6b3jzvzHdetDNByGP934/8vIiQYnSrvttldbWNza3ytuVnd29/QP78KineCoR7iJOubyLoMKUMNzVRFN8JySGSURxP5pc5X7/AUtFOOvoqcBBAkeMDAmC2kihfeJHnMZqmpgr64Q3977AUsxCu+rW3TmcVeIVpAoKtEP7y485ShPMNKJQqYHnCh1kUGqCKJ5V/FRhAdEEjvDAUAYTrIJsnn/mnBsldoZcmsO0M1d/b2QwUXlEM5lAPVbLXi7+5w1SPWwGGWEi1ZihxUPDlDqaO3kZTkwkRppODYFIEpPVQWMoIdKmsoopwVv+8irpXdS9Rr1526i2akUdZXAKzkANeOAStMA1aIMuQOARPINX8GY9WS/Wu/WxGC1Zxc4x+APr8wepvpZ0</latexit>

Find given by

[MADAY, PATERA, PENN & YANO, ’14]

z⇤
N

<latexit sha1_base64="jlmhT0s9vEbyPTqZF3VaFN3pEtk=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+AQRGS0MlBvAy+eZIL7gK2WNE23sDQtSSrM2oP/ihcPinj13/Dmf2O69aCbD0Ie7/1+5OV5MaNSWda3UVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzRZe537omQNOK3ahwTJ0QDTgOKkdKSa+71vYj5chzqK324S48zN73OMtesWjVrAjhP7IJUQYGma371/QgnIeEKMyRlz7Zi5aRIKIoZySr9RJIY4REakJ6mHIVEOukkfwYPteLDIBL6cAUn6u+NFIUyj6gnQ6SGctbLxf+8XqKCcyelPE4U4Xj6UJAwqCKYlwF9KghWbKwJwoLqrBAPkUBY6coqugR79svzpH1as+u1i5t6tXFS1FEG++AAHAEbnIEGuAJN0AIYPIJn8ArejCfjxXg3PqajJaPY2QV/YHz+APK8lqc=</latexit>

arg inf
z2VN

k⇧TM (z � ut)k2

<latexit sha1_base64="xaOIFWW8QgoexeWRzmb8C0d3X6k="></latexit>
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measurement
space

TM

<latexit sha1_base64="BU3wWkOq/OaBW2rD6AZjhed3m4I=">AAAB+3icbVDNS8MwHE3n15xfdR69BIew02hl4I4DL16ECfsQtlLSNN3C0qQkqThK/xUvHhTx6j/izf/GdOtBNx+EPN77/cjLCxJGlXacb6uytb2zu1fdrx0cHh2f2Kf1oRKpxGSABRPyIUCKMMrJQFPNyEMiCYoDRkbB/KbwR49EKip4Xy8S4sVoymlEMdJG8u36JBAsVIvYXDCDff8u9+2G03KWgJvELUkDlOj59tckFDiNCdeYIaXGrpNoL0NSU8xIXpukiiQIz9GUjA3lKCbKy5bZc3hplBBGQprDNVyqvzcyFKsinpmMkZ6pda8Q//PGqY46XkZ5kmrC8eqhKGVQC1gUAUMqCdZsYQjCkpqsEM+QRFibumqmBHf9y5tkeNVy263OfbvRbZZ1VME5uABN4IJr0AW3oAcGAIMn8AxewZuVWy/Wu/WxGq1Y5c4Z+APr8weg6JQb</latexit>

T?
M

<latexit sha1_base64="2xOUHHUuBa/6IslyvikuN1wSXpA=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+IQdhqtDNxx4MWLMGEfwlpLmmZbWJqEJBVG3cF/xYsHRbz6b3jzvzHdetDNByGP934/8vIiQYnSrvttldbWNza3ytuVnd29/QP78KineCoR7iJOubyLoMKUMNzVRFN8JySGSURxP5pc5X7/AUtFOOvoqcBBAkeMDAmC2kihfeJHnMZqmpgr64Q3977AUsxCu+rW3TmcVeIVpAoKtEP7y485ShPMNKJQqYHnCh1kUGqCKJ5V/FRhAdEEjvDAUAYTrIJsnn/mnBsldoZcmsO0M1d/b2QwUXlEM5lAPVbLXi7+5w1SPWwGGWEi1ZihxUPDlDqaO3kZTkwkRppODYFIEpPVQWMoIdKmsoopwVv+8irpXdS9Rr1526i2akUdZXAKzkANeOAStMA1aIMuQOARPINX8GY9WS/Wu/WxGC1Zxc4x+APr8wepvpZ0</latexit>

⇧TMut

<latexit sha1_base64="FyX/mFIEk1ZnhRRiJQsl2mgg2Nk=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0XoqiRSUHcFN26ECn0ITQiTyaQdOjMJMxOhhGzd+CtuXCji1j9w5984bbPQ1gPDHM65l3vvCVNGlXacb6uytr6xuVXdru3s7u0f2IdHfZVkEpMeTlgi70OkCKOC9DTVjNynkiAeMjIIJ9czf/BApKKJ6OppSnyORoLGFCNtpMCGXpiwSE25+WDudWiQd4PbIgtyT3KoiyKw607TmQOuErckdVCiE9hfXpTgjBOhMUNKDV0n1X6OpKaYkaLmZYqkCE/QiAwNFYgT5efzSwp4ZpQIxok0T2g4V3935Iir2bKmkiM9VsveTPzPG2Y6vvRzKtJME4EXg+KMQZ3AWSwwopJgzaaGICyp2RXiMZIIaxNezYTgLp+8SvrnTbfVvLpr1duNMo4qOAGnoAFccAHa4AZ0QA9g8AiewSt4s56sF+vd+liUVqyy5xj8gfX5AyScmo8=</latexit>

Find given by

[MADAY, PATERA, PENN & YANO, ’14]

z⇤
N

<latexit sha1_base64="jlmhT0s9vEbyPTqZF3VaFN3pEtk=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+AQRGS0MlBvAy+eZIL7gK2WNE23sDQtSSrM2oP/ihcPinj13/Dmf2O69aCbD0Ie7/1+5OV5MaNSWda3UVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzRZe537omQNOK3ahwTJ0QDTgOKkdKSa+71vYj5chzqK324S48zN73OMtesWjVrAjhP7IJUQYGma371/QgnIeEKMyRlz7Zi5aRIKIoZySr9RJIY4REakJ6mHIVEOukkfwYPteLDIBL6cAUn6u+NFIUyj6gnQ6SGctbLxf+8XqKCcyelPE4U4Xj6UJAwqCKYlwF9KghWbKwJwoLqrBAPkUBY6coqugR79svzpH1as+u1i5t6tXFS1FEG++AAHAEbnIEGuAJN0AIYPIJn8ArejCfjxXg3PqajJaPY2QV/YHz+APK8lqc=</latexit>

arg inf
z2VN

k⇧TM (z � ut)k2

<latexit sha1_base64="xaOIFWW8QgoexeWRzmb8C0d3X6k="></latexit>

space of all states that
agree with the data

⇧TMut + T?
M

<latexit sha1_base64="3sDz6nVu7z7jbml5N3EJhB5H5Jk=">AAACE3icbVBNS8MwGE7n15xfVY9egkMYCqOVgXobePEiTNgXrLWkabaFpU1JUmGU/gcv/hUvHhTx6sWb/8Z060E3Hwh58jzvS9738WNGpbKsb6O0srq2vlHerGxt7+zumfsHXckTgUkHc8ZF30eSMBqRjqKKkX4sCAp9Rnr+5Dr3ew9ESMqjtprGxA3RKKJDipHSkmeeOj5ngZyG+oKp06Je2vZus8RLHRFClZ3p170TExFnnlm16tYMcJnYBamCAi3P/HICjpOQRAozJOXAtmLlpkgoihnJKk4iSYzwBI3IQNMIhUS66WynDJ5oJYBDLvSJFJypvztSFMp8bF0ZIjWWi14u/ucNEjW8dFMaxYkiEZ5/NEwYVBzmAcGACoIVm2qCsKB6VojHSCCsdIwVHYK9uPIy6Z7X7Ub96q5RbdaKOMrgCByDGrDBBWiCG9ACHYDBI3gGr+DNeDJejHfjY15aMoqeQ/AHxucPnmOejw==</latexit>
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space of all states that
agree with the data

misfit

TM

<latexit sha1_base64="BU3wWkOq/OaBW2rD6AZjhed3m4I=">AAAB+3icbVDNS8MwHE3n15xfdR69BIew02hl4I4DL16ECfsQtlLSNN3C0qQkqThK/xUvHhTx6j/izf/GdOtBNx+EPN77/cjLCxJGlXacb6uytb2zu1fdrx0cHh2f2Kf1oRKpxGSABRPyIUCKMMrJQFPNyEMiCYoDRkbB/KbwR49EKip4Xy8S4sVoymlEMdJG8u36JBAsVIvYXDCDff8u9+2G03KWgJvELUkDlOj59tckFDiNCdeYIaXGrpNoL0NSU8xIXpukiiQIz9GUjA3lKCbKy5bZc3hplBBGQprDNVyqvzcyFKsinpmMkZ6pda8Q//PGqY46XkZ5kmrC8eqhKGVQC1gUAUMqCdZsYQjCkpqsEM+QRFibumqmBHf9y5tkeNVy263OfbvRbZZ1VME5uABN4IJr0AW3oAcGAIMn8AxewZuVWy/Wu/WxGq1Y5c4Z+APr8weg6JQb</latexit>

T?
M

<latexit sha1_base64="2xOUHHUuBa/6IslyvikuN1wSXpA=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+IQdhqtDNxx4MWLMGEfwlpLmmZbWJqEJBVG3cF/xYsHRbz6b3jzvzHdetDNByGP934/8vIiQYnSrvttldbWNza3ytuVnd29/QP78KineCoR7iJOubyLoMKUMNzVRFN8JySGSURxP5pc5X7/AUtFOOvoqcBBAkeMDAmC2kihfeJHnMZqmpgr64Q3977AUsxCu+rW3TmcVeIVpAoKtEP7y485ShPMNKJQqYHnCh1kUGqCKJ5V/FRhAdEEjvDAUAYTrIJsnn/mnBsldoZcmsO0M1d/b2QwUXlEM5lAPVbLXi7+5w1SPWwGGWEi1ZihxUPDlDqaO3kZTkwkRppODYFIEpPVQWMoIdKmsoopwVv+8irpXdS9Rr1526i2akUdZXAKzkANeOAStMA1aIMuQOARPINX8GY9WS/Wu/WxGC1Zxc4x+APr8wepvpZ0</latexit>

⇧TMut

<latexit sha1_base64="FyX/mFIEk1ZnhRRiJQsl2mgg2Nk=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0XoqiRSUHcFN26ECn0ITQiTyaQdOjMJMxOhhGzd+CtuXCji1j9w5984bbPQ1gPDHM65l3vvCVNGlXacb6uytr6xuVXdru3s7u0f2IdHfZVkEpMeTlgi70OkCKOC9DTVjNynkiAeMjIIJ9czf/BApKKJ6OppSnyORoLGFCNtpMCGXpiwSE25+WDudWiQd4PbIgtyT3KoiyKw607TmQOuErckdVCiE9hfXpTgjBOhMUNKDV0n1X6OpKaYkaLmZYqkCE/QiAwNFYgT5efzSwp4ZpQIxok0T2g4V3935Iir2bKmkiM9VsveTPzPG2Y6vvRzKtJME4EXg+KMQZ3AWSwwopJgzaaGICyp2RXiMZIIaxNezYTgLp+8SvrnTbfVvLpr1duNMo4qOAGnoAFccAHa4AZ0QA9g8AiewSt4s56sF+vd+liUVqyy5xj8gfX5AyScmo8=</latexit>

Find given by

[MADAY, PATERA, PENN & YANO, ’14]

z⇤
N

<latexit sha1_base64="jlmhT0s9vEbyPTqZF3VaFN3pEtk=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+AQRGS0MlBvAy+eZIL7gK2WNE23sDQtSSrM2oP/ihcPinj13/Dmf2O69aCbD0Ie7/1+5OV5MaNSWda3UVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzRZe537omQNOK3ahwTJ0QDTgOKkdKSa+71vYj5chzqK324S48zN73OMtesWjVrAjhP7IJUQYGma371/QgnIeEKMyRlz7Zi5aRIKIoZySr9RJIY4REakJ6mHIVEOukkfwYPteLDIBL6cAUn6u+NFIUyj6gnQ6SGctbLxf+8XqKCcyelPE4U4Xj6UJAwqCKYlwF9KghWbKwJwoLqrBAPkUBY6coqugR79svzpH1as+u1i5t6tXFS1FEG++AAHAEbnIEGuAJN0AIYPIJn8ArejCfjxXg3PqajJaPY2QV/YHz+APK8lqc=</latexit>

arg inf
z2VN

k⇧TM (z � ut)k2

<latexit sha1_base64="xaOIFWW8QgoexeWRzmb8C0d3X6k="></latexit>

misfit

z⇤
N

<latexit sha1_base64="/w/Qqn8ZvaSBQNYg+S37XnT8TT8=">AAAB/XicbVDNS8MwHE3n15xf9ePmpTiE4WG0MlBvAy+eZIL7gK2WNE23sDQpSSpspfivePGgiFf/D2/+N6ZbD7r5IOTx3u9HXp4fUyKVbX8bpZXVtfWN8mZla3tnd8/cP+hIngiE24hTLno+lJgShtuKKIp7scAw8inu+uPr3O8+YiEJZ/dqEmM3gkNGQoKg0pJnHg18TgM5ifSVTr30Nns4yzyzatftGaxl4hSkCgq0PPNrEHCURJgpRKGUfceOlZtCoQiiOKsMEoljiMZwiPuaMhhh6aaz9Jl1qpXACrnQhylrpv7eSGEk84B6MoJqJBe9XPzP6ycqvHRTwuJEYYbmD4UJtRS38iqsgAiMFJ1oApEgOquFRlBApHRhFV2Cs/jlZdI5rzuN+tVdo9qsFXWUwTE4ATXggAvQBDegBdoAgSl4Bq/gzXgyXox342M+WjKKnUPwB8bnDx6rlZc=</latexit>

⇧TMut + T?
M

<latexit sha1_base64="3sDz6nVu7z7jbml5N3EJhB5H5Jk=">AAACE3icbVBNS8MwGE7n15xfVY9egkMYCqOVgXobePEiTNgXrLWkabaFpU1JUmGU/gcv/hUvHhTx6sWb/8Z060E3Hwh58jzvS9738WNGpbKsb6O0srq2vlHerGxt7+zumfsHXckTgUkHc8ZF30eSMBqRjqKKkX4sCAp9Rnr+5Dr3ew9ESMqjtprGxA3RKKJDipHSkmeeOj5ngZyG+oKp06Je2vZus8RLHRFClZ3p170TExFnnlm16tYMcJnYBamCAi3P/HICjpOQRAozJOXAtmLlpkgoihnJKk4iSYzwBI3IQNMIhUS66WynDJ5oJYBDLvSJFJypvztSFMp8bF0ZIjWWi14u/ucNEjW8dFMaxYkiEZ5/NEwYVBzmAcGACoIVm2qCsKB6VojHSCCsdIwVHYK9uPIy6Z7X7Ub96q5RbdaKOMrgCByDGrDBBWiCG9ACHYDBI3gGr+DNeDJejHfjY15aMoqeQ/AHxucPnmOejw==</latexit>
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V

<latexit sha1_base64="MwzejndD/EbXPJmgao3RoRvuVTg=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBG6KjNSsMuCG5cV7APaoWQymTY0k4xJplCGfocbF4q49WPc+Tdm2llo64GQwzn3kpMTJJxp47rfztb2zu7efumgfHh0fHJaOTvvapkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTu9zvzajSTIpHM0+oH+OxYBEj2FjJHwaSh3oe2wt1R5WqW3eXQJvEK0gVCrRHla9hKEkaU2EIx1oPPDcxfoaVYYTTRXmYappgMsVjOrBU4JhqP1uGXqBrq4QoksoeYdBS/b2R4VjnyexkjM1Er3u5+J83SE3U9DMmktRQQVYPRSlHRqK8ARQyRYnhc0swUcxmRWSCFSbG9lS2JXjrX94k3Zu616g3HxrVVq2oowSXcAU18OAWWnAPbegAgSd4hld4c2bOi/PufKxGt5xi5wL+wPn8AaklkfY=</latexit>

'

<latexit sha1_base64="E32KD2tFyuAeGtg1Jy/A6zcG0Jw=">AAAB/HicbVDNS8MwHE3n15xf1R29BIew02hl4I4DLx4nuA9Yy0jTdAtLk5Kkg1Lmv+LFgyJe/UO8+d+Ybj3o5oOQx3u/H3l5QcKo0o7zbVV2dvf2D6qHtaPjk9Mz+/xioEQqMeljwYQcBUgRRjnpa6oZGSWSoDhgZBjM7wp/uCBSUcEfdZYQP0ZTTiOKkTbSxK57gWChymJzQW+BZDKjE7vhtJwV4DZxS9IAJXoT+8sLBU5jwjVmSKmx6yTaz5HUFDOyrHmpIgnCczQlY0M5iony81X4Jbw2SggjIc3hGq7U3xs5ilWRz0zGSM/UpleI/3njVEcdP6c8STXheP1QlDKoBSyagCGVBGuWGYKwpCYrxDMkEdamr5opwd388jYZ3LTcdqvz0G50m2UdVXAJrkATuOAWdME96IE+wCADz+AVvFlP1ov1bn2sRytWuVMHf2B9/gAGwJTz</latexit>

R

<latexit sha1_base64="JW7CJViadttvQGfNCHRoybnzsgw=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvQVZmRgl0W3LisYh/QDiWTSdvQTDImmUIZ+h1uXCji1o9x59+YaWehrQdCDufcS05OEHOmjet+O4Wt7Z3dveJ+6eDw6PikfHrW0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nfnVGlmRSPZh5TP8JjwUaMYGMlfxBIHup5ZC/0MCxX3Jq7BNokXk4qkKM1LH8NQkmSiApDONa677mx8VOsDCOcLkqDRNMYkyke076lAkdU++ky9AJdWSVEI6nsEQYt1d8bKY50lsxORthM9LqXif95/cSMGn7KRJwYKsjqoVHCkZEoawCFTFFi+NwSTBSzWRGZYIWJsT2VbAne+pc3See65tVrjft6pVnN6yjCBVxCFTy4gSbcQQvaQOAJnuEV3pyZ8+K8Ox+r0YKT75zDHzifP6MVkfI=</latexit>

E

<latexit sha1_base64="24Im3ZjmSWZOgKJuO8Z0NSod28s=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvQVZmRgl0WRHBZwT6gHUomk2lDM8mYZApl6He4caGIWz/GnX9jpu1CWw+EHM65l5ycIOFMG9f9dgpb2zu7e8X90sHh0fFJ+fSso2WqCG0TyaXqBVhTzgRtG2Y47SWK4jjgtBtMbnO/O6VKMykezSyhfoxHgkWMYGMlfxBIHupZbC90NyxX3Jq7ANok3opUYIXWsPw1CCVJYyoM4Vjrvucmxs+wMoxwOi8NUk0TTCZ4RPuWChxT7WeL0HN0ZZUQRVLZIwxaqL83MhzrPJmdjLEZ63UvF//z+qmJGn7GRJIaKsjyoSjlyEiUN4BCpigxfGYJJorZrIiMscLE2J5KtgRv/cubpHNd8+q1xkO90qyu6ijCBVxCFTy4gSbcQwvaQOAJnuEV3pyp8+K8Ox/L0YKz2jmHP3A+fwCPYZHl</latexit>

VN

<latexit sha1_base64="TSqo9ze2oQ/wX4wERQojDtJozQE=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxCV2VGBLssuHElFewD2mHIZNI2NJMZkoxSxn6KGxeKuPVL3Pk3ZtpZaOuBkMM595KTEyScKe0431ZpY3Nre6e8W9nbPzg8sqvHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F0+vc7z1QqVgs7vUsoV6Ex4KNGMHaSL5dHQYxD9UsMhfKuv7t3LdrTsNZAK0TtyA1KND27a9hGJM0okITjpUauE6ivQxLzQin88owVTTBZIrHdGCowBFVXraIPkfnRgnRKJbmCI0W6u+NDEcqT2cmI6wnatXLxf+8QapHTS9jIkk1FWT50CjlSMco7wGFTFKi+cwQTCQzWRGZYImJNm1VTAnu6pfXSfei4V42mneXtVa9qKMMp3AGdXDhClpwA23oAIFHeIZXeLOerBfr3fpYjpasYucE/sD6/AFKKpP0</latexit>

R =
E

cos'

<latexit sha1_base64="LEL2LrYVlMZf83ywaZS1Zdn0208=">AAACEXicbVDLSsNAFJ3UV42vqEs3g0XoQkoiBbsRCiK4rGIf0IQymU7aoZNMmJkUSsgvuPFX3LhQxK07d/6NkzYLbT0wzOGce7n3Hj9mVCrb/jZKa+sbm1vlbXNnd2//wDo86kieCEzamDMuej6ShNGItBVVjPRiQVDoM9L1J9e5350SISmPHtQsJl6IRhENKEZKSwOr6vqcDeUs1F9q3sMr6AYC4fQmS13MpTtFIh7TzMwGVsWu2XPAVeIUpAIKtAbWlzvkOAlJpDBDUvYdO1ZeioSimJHMdBNJYoQnaET6mkYoJNJL5xdl8EwrQxhwoV+k4Fz93ZGiUOZL68oQqbFc9nLxP6+fqKDhpTSKE0UivBgUJAwqDvN44JAKghWbaYKwoHpXiMdIJ6J0iKYOwVk+eZV0LmpOvda4q1ea50UcZXACTkEVOOASNMEtaIE2wOARPINX8GY8GS/Gu/GxKC0ZRc8x+APj8wdiNZ1S</latexit>

TM

<latexit sha1_base64="BU3wWkOq/OaBW2rD6AZjhed3m4I=">AAAB+3icbVDNS8MwHE3n15xfdR69BIew02hl4I4DL16ECfsQtlLSNN3C0qQkqThK/xUvHhTx6j/izf/GdOtBNx+EPN77/cjLCxJGlXacb6uytb2zu1fdrx0cHh2f2Kf1oRKpxGSABRPyIUCKMMrJQFPNyEMiCYoDRkbB/KbwR49EKip4Xy8S4sVoymlEMdJG8u36JBAsVIvYXDCDff8u9+2G03KWgJvELUkDlOj59tckFDiNCdeYIaXGrpNoL0NSU8xIXpukiiQIz9GUjA3lKCbKy5bZc3hplBBGQprDNVyqvzcyFKsinpmMkZ6pda8Q//PGqY46XkZ5kmrC8eqhKGVQC1gUAUMqCdZsYQjCkpqsEM+QRFibumqmBHf9y5tkeNVy263OfbvRbZZ1VME5uABN4IJr0AW3oAcGAIMn8AxewZuVWy/Wu/WxGq1Y5c4Z+APr8weg6JQb</latexit>

⇧TMut + T?
M

<latexit sha1_base64="3sDz6nVu7z7jbml5N3EJhB5H5Jk=">AAACE3icbVBNS8MwGE7n15xfVY9egkMYCqOVgXobePEiTNgXrLWkabaFpU1JUmGU/gcv/hUvHhTx6sWb/8Z060E3Hwh58jzvS9738WNGpbKsb6O0srq2vlHerGxt7+zumfsHXckTgUkHc8ZF30eSMBqRjqKKkX4sCAp9Rnr+5Dr3ew9ESMqjtprGxA3RKKJDipHSkmeeOj5ngZyG+oKp06Je2vZus8RLHRFClZ3p170TExFnnlm16tYMcJnYBamCAi3P/HICjpOQRAozJOXAtmLlpkgoihnJKk4iSYzwBI3IQNMIhUS66WynDJ5oJYBDLvSJFJypvztSFMp8bF0ZIjWWi14u/ucNEjW8dFMaxYkiEZ5/NEwYVBzmAcGACoIVm2qCsKB6VojHSCCsdIwVHYK9uPIy6Z7X7Ub96q5RbdaKOMrgCByDGrDBBWiCG9ACHYDBI3gGr+DNeDJejHfjY15aMoqeQ/AHxucPnmOejw==</latexit>

Find given by

[MADAY, PATERA, PENN & YANO, ’14]

z⇤
N

<latexit sha1_base64="jlmhT0s9vEbyPTqZF3VaFN3pEtk=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+AQRGS0MlBvAy+eZIL7gK2WNE23sDQtSSrM2oP/ihcPinj13/Dmf2O69aCbD0Ie7/1+5OV5MaNSWda3UVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzRZe537omQNOK3ahwTJ0QDTgOKkdKSa+71vYj5chzqK324S48zN73OMtesWjVrAjhP7IJUQYGma371/QgnIeEKMyRlz7Zi5aRIKIoZySr9RJIY4REakJ6mHIVEOukkfwYPteLDIBL6cAUn6u+NFIUyj6gnQ6SGctbLxf+8XqKCcyelPE4U4Xj6UJAwqCKYlwF9KghWbKwJwoLqrBAPkUBY6coqugR79svzpH1as+u1i5t6tXFS1FEG++AAHAEbnIEGuAJN0AIYPIJn8ArejCfjxXg3PqajJaPY2QV/YHz+APK8lqc=</latexit>

arg inf
z2VN

k⇧TM (z � ut)k2

<latexit sha1_base64="xaOIFWW8QgoexeWRzmb8C0d3X6k="></latexit>



Parametrized Background Data Weak Formulation

Angle ; between 97 and 78 plays an important role:

where

pPDEs and Least Squares

36

V

<latexit sha1_base64="MwzejndD/EbXPJmgao3RoRvuVTg=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBG6KjNSsMuCG5cV7APaoWQymTY0k4xJplCGfocbF4q49WPc+Tdm2llo64GQwzn3kpMTJJxp47rfztb2zu7efumgfHh0fHJaOTvvapkqQjtEcqn6AdaUM0E7hhlO+4miOA447QXTu9zvzajSTIpHM0+oH+OxYBEj2FjJHwaSh3oe2wt1R5WqW3eXQJvEK0gVCrRHla9hKEkaU2EIx1oPPDcxfoaVYYTTRXmYappgMsVjOrBU4JhqP1uGXqBrq4QoksoeYdBS/b2R4VjnyexkjM1Er3u5+J83SE3U9DMmktRQQVYPRSlHRqK8ARQyRYnhc0swUcxmRWSCFSbG9lS2JXjrX94k3Zu616g3HxrVVq2oowSXcAU18OAWWnAPbegAgSd4hld4c2bOi/PufKxGt5xi5wL+wPn8AaklkfY=</latexit>

'

<latexit sha1_base64="E32KD2tFyuAeGtg1Jy/A6zcG0Jw=">AAAB/HicbVDNS8MwHE3n15xf1R29BIew02hl4I4DLx4nuA9Yy0jTdAtLk5Kkg1Lmv+LFgyJe/UO8+d+Ybj3o5oOQx3u/H3l5QcKo0o7zbVV2dvf2D6qHtaPjk9Mz+/xioEQqMeljwYQcBUgRRjnpa6oZGSWSoDhgZBjM7wp/uCBSUcEfdZYQP0ZTTiOKkTbSxK57gWChymJzQW+BZDKjE7vhtJwV4DZxS9IAJXoT+8sLBU5jwjVmSKmx6yTaz5HUFDOyrHmpIgnCczQlY0M5iony81X4Jbw2SggjIc3hGq7U3xs5ilWRz0zGSM/UpleI/3njVEcdP6c8STXheP1QlDKoBSyagCGVBGuWGYKwpCYrxDMkEdamr5opwd388jYZ3LTcdqvz0G50m2UdVXAJrkATuOAWdME96IE+wCADz+AVvFlP1ov1bn2sRytWuVMHf2B9/gAGwJTz</latexit>

R

<latexit sha1_base64="JW7CJViadttvQGfNCHRoybnzsgw=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvQVZmRgl0W3LisYh/QDiWTSdvQTDImmUIZ+h1uXCji1o9x59+YaWehrQdCDufcS05OEHOmjet+O4Wt7Z3dveJ+6eDw6PikfHrW0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nfnVGlmRSPZh5TP8JjwUaMYGMlfxBIHup5ZC/0MCxX3Jq7BNokXk4qkKM1LH8NQkmSiApDONa677mx8VOsDCOcLkqDRNMYkyke076lAkdU++ky9AJdWSVEI6nsEQYt1d8bKY50lsxORthM9LqXif95/cSMGn7KRJwYKsjqoVHCkZEoawCFTFFi+NwSTBSzWRGZYIWJsT2VbAne+pc3See65tVrjft6pVnN6yjCBVxCFTy4gSbcQQvaQOAJnuEV3pyZ8+K8Ox+r0YKT75zDHzifP6MVkfI=</latexit>

E

<latexit sha1_base64="24Im3ZjmSWZOgKJuO8Z0NSod28s=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvQVZmRgl0WRHBZwT6gHUomk2lDM8mYZApl6He4caGIWz/GnX9jpu1CWw+EHM65l5ycIOFMG9f9dgpb2zu7e8X90sHh0fFJ+fSso2WqCG0TyaXqBVhTzgRtG2Y47SWK4jjgtBtMbnO/O6VKMykezSyhfoxHgkWMYGMlfxBIHupZbC90NyxX3Jq7ANok3opUYIXWsPw1CCVJYyoM4Vjrvucmxs+wMoxwOi8NUk0TTCZ4RPuWChxT7WeL0HN0ZZUQRVLZIwxaqL83MhzrPJmdjLEZ63UvF//z+qmJGn7GRJIaKsjyoSjlyEiUN4BCpigxfGYJJorZrIiMscLE2J5KtgRv/cubpHNd8+q1xkO90qyu6ijCBVxCFTy4gSbcQwvaQOAJnuEV3pyp8+K8Ox/L0YKz2jmHP3A+fwCPYZHl</latexit>

VN

<latexit sha1_base64="TSqo9ze2oQ/wX4wERQojDtJozQE=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxCV2VGBLssuHElFewD2mHIZNI2NJMZkoxSxn6KGxeKuPVL3Pk3ZtpZaOuBkMM595KTEyScKe0431ZpY3Nre6e8W9nbPzg8sqvHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0F0+vc7z1QqVgs7vUsoV6Ex4KNGMHaSL5dHQYxD9UsMhfKuv7t3LdrTsNZAK0TtyA1KND27a9hGJM0okITjpUauE6ivQxLzQin88owVTTBZIrHdGCowBFVXraIPkfnRgnRKJbmCI0W6u+NDEcqT2cmI6wnatXLxf+8QapHTS9jIkk1FWT50CjlSMco7wGFTFKi+cwQTCQzWRGZYImJNm1VTAnu6pfXSfei4V42mneXtVa9qKMMp3AGdXDhClpwA23oAIFHeIZXeLOerBfr3fpYjpasYucE/sD6/AFKKpP0</latexit>

R =
E

cos'

<latexit sha1_base64="LEL2LrYVlMZf83ywaZS1Zdn0208=">AAACEXicbVDLSsNAFJ3UV42vqEs3g0XoQkoiBbsRCiK4rGIf0IQymU7aoZNMmJkUSsgvuPFX3LhQxK07d/6NkzYLbT0wzOGce7n3Hj9mVCrb/jZKa+sbm1vlbXNnd2//wDo86kieCEzamDMuej6ShNGItBVVjPRiQVDoM9L1J9e5350SISmPHtQsJl6IRhENKEZKSwOr6vqcDeUs1F9q3sMr6AYC4fQmS13MpTtFIh7TzMwGVsWu2XPAVeIUpAIKtAbWlzvkOAlJpDBDUvYdO1ZeioSimJHMdBNJYoQnaET6mkYoJNJL5xdl8EwrQxhwoV+k4Fz93ZGiUOZL68oQqbFc9nLxP6+fqKDhpTSKE0UivBgUJAwqDvN44JAKghWbaYKwoHpXiMdIJ6J0iKYOwVk+eZV0LmpOvda4q1ea50UcZXACTkEVOOASNMEtaIE2wOARPINX8GY8GS/Gu/GxKC0ZRc8x+APj8wdiNZ1S</latexit>

TM

<latexit sha1_base64="BU3wWkOq/OaBW2rD6AZjhed3m4I=">AAAB+3icbVDNS8MwHE3n15xfdR69BIew02hl4I4DL16ECfsQtlLSNN3C0qQkqThK/xUvHhTx6j/izf/GdOtBNx+EPN77/cjLCxJGlXacb6uytb2zu1fdrx0cHh2f2Kf1oRKpxGSABRPyIUCKMMrJQFPNyEMiCYoDRkbB/KbwR49EKip4Xy8S4sVoymlEMdJG8u36JBAsVIvYXDCDff8u9+2G03KWgJvELUkDlOj59tckFDiNCdeYIaXGrpNoL0NSU8xIXpukiiQIz9GUjA3lKCbKy5bZc3hplBBGQprDNVyqvzcyFKsinpmMkZ6pda8Q//PGqY46XkZ5kmrC8eqhKGVQC1gUAUMqCdZsYQjCkpqsEM+QRFibumqmBHf9y5tkeNVy263OfbvRbZZ1VME5uABN4IJr0AW3oAcGAIMn8AxewZuVWy/Wu/WxGq1Y5c4Z+APr8weg6JQb</latexit>

⇧TMut + T?
M

<latexit sha1_base64="3sDz6nVu7z7jbml5N3EJhB5H5Jk=">AAACE3icbVBNS8MwGE7n15xfVY9egkMYCqOVgXobePEiTNgXrLWkabaFpU1JUmGU/gcv/hUvHhTx6sWb/8Z060E3Hwh58jzvS9738WNGpbKsb6O0srq2vlHerGxt7+zumfsHXckTgUkHc8ZF30eSMBqRjqKKkX4sCAp9Rnr+5Dr3ew9ESMqjtprGxA3RKKJDipHSkmeeOj5ngZyG+oKp06Je2vZus8RLHRFClZ3p170TExFnnlm16tYMcJnYBamCAi3P/HICjpOQRAozJOXAtmLlpkgoihnJKk4iSYzwBI3IQNMIhUS66WynDJ5oJYBDLvSJFJypvztSFMp8bF0ZIjWWi14u/ucNEjW8dFMaxYkiEZ5/NEwYVBzmAcGACoIVm2qCsKB6VojHSCCsdIwVHYK9uPIy6Z7X7Ub96q5RbdaKOMrgCByDGrDBBWiCG9ACHYDBI3gGr+DNeDJejHfjY15aMoqeQ/AHxucPnmOejw==</latexit>

Find given by

[MADAY, PATERA, PENN & YANO, ’14]

z⇤
N

<latexit sha1_base64="jlmhT0s9vEbyPTqZF3VaFN3pEtk=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+AQRGS0MlBvAy+eZIL7gK2WNE23sDQtSSrM2oP/ihcPinj13/Dmf2O69aCbD0Ie7/1+5OV5MaNSWda3UVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzRZe537omQNOK3ahwTJ0QDTgOKkdKSa+71vYj5chzqK324S48zN73OMtesWjVrAjhP7IJUQYGma371/QgnIeEKMyRlz7Zi5aRIKIoZySr9RJIY4REakJ6mHIVEOukkfwYPteLDIBL6cAUn6u+NFIUyj6gnQ6SGctbLxf+8XqKCcyelPE4U4Xj6UJAwqCKYlwF9KghWbKwJwoLqrBAPkUBY6coqugR79svzpH1as+u1i5t6tXFS1FEG++AAHAEbnIEGuAJN0AIYPIJn8ArejCfjxXg3PqajJaPY2QV/YHz+APK8lqc=</latexit>

arg inf
z2VN

k⇧TM (z � ut)k2

<latexit sha1_base64="xaOIFWW8QgoexeWRzmb8C0d3X6k="></latexit>

cos' = inf
v2VN

sup
⌧2TM

(v, ⌧ )V

kvkV k⌧kV

<latexit sha1_base64="aHk5RHtAVwb8wcvB3yiVAFAXU/I="></latexit>



Our Context
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Geophysics Example 

Wellmann and Reid, “Basin-scale Geothermal Model Calibration: Experience from the Perth Basin, Australia”, Energy Procedia, 59:382-389, 2014.

0RWLYDWLRQ

:HOOPDQQ -�)�� 5HLG /�%��

%DVLQ�VFDOH *HRWKHUPDO 0RGHO &DOLEUDWLRQ� ([SHULHQFH IURP WKH 3HUWK %DVLQ� $XVWUDOLD�

(QHUJ\ 3URFHGLD� 9ROXPH ��� ����� 3DJHV �������� &UHDWLYH &RPPRQV OLFHQVH && %<�1&�1'

� RI �� 6HQVRU 6HOHFWLRQ IRU %D\HVLDQ ,QYHUVH 3UREOHPV DQG 'DWD $VVLPLODWLRQ YLD
'LPHQVLRQ 5HGXFWLRQ
1LFROH $UHW]�1HOOHVHQ _ QHOOHVHQ#DLFHV�UZWK�DDFKHQ�GH _ 5:7+ $DFKHQ
9LUWXDO ,&(50 ZRUNVKRS _ 0DUFK ��� ����

Modern 

Inverse 

Problems
M P

i

Perth Basin
• Model: heat diffusion

• Hyper-parameters: conductivities

[Figure courtesy of F. Wellmann (RWTH Aachen)]



Our Context
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Geophysics Example 

Degen, V. & Wellmann. 2019. Certified Reduced Basis Method in Geosciences Addressing the Challenge of High Dimensional Problems. EarthArXiv.

6HQVRU 6HOHFWLRQ 5HVXOWV IRU WKH 3HUWK %DVLQ PRGHO

3HUWK %DVLQ 0RGHO� QRQ�GLPHQVLRQDOL]HG H[FHUSW

)LJXUH �� 1RQ�GLPHQVLRQDOL]HG H[FHUSW RI WKH 3HUWK %DVLQ PRGHO ZLWK JHRORJLFDO OD\HUV DQG WKHUPDO FRQGXFWLYLWLHV� )( GLPHQVLRQ� �������
,PDJH FRXUWHV\� 'HQLVH 'HJHQ

�� RI �� 6HQVRU 6HOHFWLRQ IRU %D\HVLDQ ,QYHUVH 3UREOHPV DQG 'DWD $VVLPLODWLRQ YLD
'LPHQVLRQ 5HGXFWLRQ
1LFROH $UHW]�1HOOHVHQ _ QHOOHVHQ#DLFHV�UZWK�DDFKHQ�GH _ 5:7+ $DFKHQ
9LUWXDO ,&(50 ZRUNVKRS _ 0DUFK ��� ����

Modern 

Inverse 

Problems
M P

i

Perth Basin
• Model: heat diffusion

• Hyper-parameters: conductivities



Our Context
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Geophysics Example 

Degen, V. & Wellmann. 2019. Certified Reduced Basis Method in Geosciences Addressing the Challenge of High Dimensional Problems. EarthArXiv.

6HQVRU 6HOHFWLRQ 5HVXOWV IRU WKH 3HUWK %DVLQ PRGHO

3HUWK %DVLQ 0RGHO� QRQ�GLPHQVLRQDOL]HG H[FHUSW

)LJXUH �� 1RQ�GLPHQVLRQDOL]HG H[FHUSW RI WKH 3HUWK %DVLQ PRGHO ZLWK JHRORJLFDO OD\HUV DQG WKHUPDO FRQGXFWLYLWLHV� )( GLPHQVLRQ� �������
,PDJH FRXUWHV\� 'HQLVH 'HJHQ

�� RI �� 6HQVRU 6HOHFWLRQ IRU %D\HVLDQ ,QYHUVH 3UREOHPV DQG 'DWD $VVLPLODWLRQ YLD
'LPHQVLRQ 5HGXFWLRQ
1LFROH $UHW]�1HOOHVHQ _ QHOOHVHQ#DLFHV�UZWK�DDFKHQ�GH _ 5:7+ $DFKHQ
9LUWXDO ,&(50 ZRUNVKRS _ 0DUFK ��� ����

Modern 

Inverse 

Problems
M P

i

Perth Basin
• Model: heat diffusion

• Hyper-parameters: conductivities

• Parameters: boundary condition



Our Context

40

Geophysics Example 

Degen, V. & Wellmann. 2019. Certified Reduced Basis Method in Geosciences Addressing the Challenge of High Dimensional Problems. EarthArXiv.

.

6HQVRU 6HOHFWLRQ 5HVXOWV IRU WKH 3HUWK %DVLQ PRGHO

3HUWK %DVLQ 0RGHO� QRQ�GLPHQVLRQDOL]HG H[FHUSW

)LJXUH �� 1RQ�GLPHQVLRQDOL]HG H[FHUSW RI WKH 3HUWK %DVLQ PRGHO ZLWK JHRORJLFDO OD\HUV DQG WKHUPDO FRQGXFWLYLWLHV� )( GLPHQVLRQ� �������
,PDJH FRXUWHV\� 'HQLVH 'HJHQ

�� RI �� 6HQVRU 6HOHFWLRQ IRU %D\HVLDQ ,QYHUVH 3UREOHPV DQG 'DWD $VVLPLODWLRQ YLD
'LPHQVLRQ 5HGXFWLRQ
1LFROH $UHW]�1HOOHVHQ _ QHOOHVHQ#DLFHV�UZWK�DDFKHQ�GH _ 5:7+ $DFKHQ
9LUWXDO ,&(50 ZRUNVKRS _ 0DUFK ��� ����

Modern 

Inverse 

Problems
M P

i

Perth Basin
• Model: heat diffusion

• Hyper-parameters: conductivities

• Parameters: boundary condition

Remarks
• Importance of model and   

(hyper-)parameters for prediction



Our Context
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Geophysics Example 

Degen, V. & Wellmann. 2019. Certified Reduced Basis Method in Geosciences Addressing the Challenge of High Dimensional Problems. EarthArXiv.

.

6HQVRU 6HOHFWLRQ 5HVXOWV IRU WKH 3HUWK %DVLQ PRGHO

3HUWK %DVLQ 0RGHO� QRQ�GLPHQVLRQDOL]HG H[FHUSW

)LJXUH �� 1RQ�GLPHQVLRQDOL]HG H[FHUSW RI WKH 3HUWK %DVLQ PRGHO ZLWK JHRORJLFDO OD\HUV DQG WKHUPDO FRQGXFWLYLWLHV� )( GLPHQVLRQ� �������
,PDJH FRXUWHV\� 'HQLVH 'HJHQ

�� RI �� 6HQVRU 6HOHFWLRQ IRU %D\HVLDQ ,QYHUVH 3UREOHPV DQG 'DWD $VVLPLODWLRQ YLD
'LPHQVLRQ 5HGXFWLRQ
1LFROH $UHW]�1HOOHVHQ _ QHOOHVHQ#DLFHV�UZWK�DDFKHQ�GH _ 5:7+ $DFKHQ
9LUWXDO ,&(50 ZRUNVKRS _ 0DUFK ��� ����

Modern 

Inverse 

Problems
M P

i

Perth Basin
• Model: heat diffusion

• Hyper-parameters: conductivities

• Parameters: boundary condition

Remarks
• Importance of model and   

(hyper-)parameters for prediction

• Well-posedness + number of 

measurements



• Enforces model as a constraint 

• Permits and learns corrections to the model through parameter <
• Regularizes by balancing trust in the model vs trust in the data

Variational Data Assimilation
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Find that solves

s.t.

[ARETZ-NELLESEN, GREPL, V., ’19]

observable misfit

regularization parameterparameter
(model correction)

pPDE constraint

model correctionbest knowledge

a(u(✓), v; ✓) = fbk(v) + fco(p(✓), v), 8 v 2 V
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<latexit sha1_base64="pwFUa5OEyVxBvlr3QTuzdyNs10o="></latexit>

min
p2C

1

2
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2
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V
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• Variational data assimilation (3D-/4D-VAR) has a long history in weather forecasting

[LORENC, ’81], [LE DIMET, ’81], [COURTIER, ’85], [LE DIMET & TALAGRAND, ’86], …
…, [LAW, STUART & ZYGALAKIS , ’15], [REICH & COTTER, ’15], …

• Differs from PBDW in regularization term (*) and in PDE-constraint

Variational Data Assimilation
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Find that solves

s.t.

[ARETZ-NELLESEN, GREPL, V., ’19]

observable misfit

regularization parameterparameter
(model correction)

pPDE constraint

model correctionbest knowledge

a(u(✓), v; ✓) = fbk(v) + fco(p(✓), v), 8 v 2 V

<latexit sha1_base64="KRjLq1M3HUFxnYt1B/RaFtq+z1k="></latexit>

(p⇤(✓), u⇤(✓)) 2 C ⇥ V
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2
k p k2

C +
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2
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V
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Variational Data Assimilation
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• Variational data assimilation (3D-/4D-VAR) has a long history in weather forecasting

[LORENC, ’81], [LE DIMET, ’81], [COURTIER, ’85], [LE DIMET & TALAGRAND, ’86], …
…, [LAW, STUART & ZYGALAKIS , ’15], [REICH & COTTER, ’15], …

• Differs from PBDW in regularization term (*) and in PDE-constraint

• Computationally expensive

Find that solves

s.t.

[ARETZ-NELLESEN, GREPL, V., ’19]

observable misfit

regularization parameterparameter
(model correction)

pPDE constraint

model correctionbest knowledge

a(u(✓), v; ✓) = fbk(v) + fco(p(✓), v), 8 v 2 V

<latexit sha1_base64="KRjLq1M3HUFxnYt1B/RaFtq+z1k="></latexit>

(p⇤(✓), u⇤(✓)) 2 C ⇥ V

<latexit sha1_base64="pwFUa5OEyVxBvlr3QTuzdyNs10o="></latexit>
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2
k p k2
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2
k⇧TM (ut � u) k2

V
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STABILITY-BASED OED via MODEL ORDER REDUCTION
3 - DATA

Joint work with N. Aretz-Nellesen & M. Grepl



Lagrangian

Variational Data Assimilation
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cost function constraint

Find that solves

s.t.

[ARETZ-NELLESEN, GREPL, V., ’19]

pPDE constraint

(p⇤(✓), u ⇤(✓)) 2 C ⇥ V
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a(u(✓), v; ✓) = fbk(v) + fco(p(✓), v), 8 v 2 V
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Lagrangian

Optimality Conditions

Variational Data Assimilation
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8 � 2 C, ⇣ 2 V, ⇠ 2 V

<latexit sha1_base64="hHQCAps5TfZunS1S82N3DaF8TDM="></latexit>
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One can show that

Stability Analysis
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k(p⇤
✓, u

⇤
✓)kC⇥V  C1

✓(�)k⇧TMutkV + C2
✓(�)kfbkkV 0

k'⇤
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✓(�)k⇧TMutkV + C4
✓(�)kfbkkV 0
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One can show that

where the positive stability constants are “better behaved” for

as large as possible.  Here,

Stability Analysis

49

⌘(✓) := inf
(p,u)2H0(✓)

kukV

kpkC

� 0, �TM (✓) := inf
v2V✓

sup
⌧2TM

(v, ⌧ )V

kvkV k⌧kV
� 0
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H
0(✓) := { (p, u) 2 C ⇥ V : a✓(u, ) = fco(p, ) 8 2 V },

V✓ := { v 2 V : 9 p 2 C s.t. a✓(v, ) = fco(p, ) 8 2 V }.
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Stability Analysis
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Find that solves

s.t.

[ARETZ-NELLESEN, GREPL, V., ’19]

pPDE constraint

(p⇤(✓), u ⇤(✓)) 2 C ⇥ V
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a(u(✓), v; ✓) = fbk(v) + fco(p(✓), v), 8 v 2 V

<latexit sha1_base64="/PNuK5PiCv93oODmlo1cTAw0T0E="></latexit>



Stability Analysis
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Find and that solves

s.t.

[ARETZ-NELLESEN, GREPL, V., ’19]

pPDE constraint

✓
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✓2D
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Stability Analysis
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Find that solves

s.t.

[ARETZ-NELLESEN, GREPL, V., ’19]

pPDE constraint

(p⇤(✓), u ⇤(✓)) 2 C ⇥ V
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Stability Analysis
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pPDE constraint

Find that solves

s.t.

[ARETZ-NELLESEN, GREPL, V., ’19]

a(uN(✓), v; ✓) = fbk(v) + fco(pN , v), 8 v 2 VN
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Assume that

Then

Stability Analysis
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�T (✓) � (1 � "✓)�T,N(✓) � "✓

<latexit sha1_base64="mQpShdJlb8PMxp1J9zeG8tUyLEU="></latexit>

pPDE constraint

Find that solves

s.t.

[ARETZ-NELLESEN, GREPL, V., ’19]

ku � uNkV  "✓kukV where 0  "✓ ⌧ 1

<latexit sha1_base64="mHFj0qFZo8T7ZUuxDYmjFGuJV9w="></latexit>

a(uN(✓), v; ✓) = fbk(v) + fco(pN , v), 8 v 2 VN
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• Order reduction for PDE (governing the model dynamics) or for optimization space

e.g., [Robert, Durbiano, Blayo, Verron, Blum, Le Dimet, ’05], [Chen, Navon, Fang, ’09], [Dimitriu, Apreutesei, 
Stefanescu, ’10], [Stefanescu, Sandu, Navon, ’15], [Nadal, Chinesta, Diez, Fuenmayor & Denia, ’15] …

• Order reduction for entire control problem (also       )                                                    

connection bet. 3D-/4DVAR and control                 ([Le Dimet & Talagrand ‘86])
model order reduction for 4DVAR              [Kärcher, Boyaval, Grepl & V., ’18]

Stability Analysis
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pPDE constraint

Find that solves

s.t.

[ARETZ-NELLESEN, GREPL, V., ’19]

a(uN(✓), v; ✓) = fbk(v) + fco(v; pN), 8 v 2 VN
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Projection-based Model Order Reduction

Recall optimality conditions

Computational Procedure

56

control
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state
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Projection-based Model Order Reduction

Recall optimality conditions

Computational Procedure
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Assume that the (control) space of 
model corrections is low dimensional
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state
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Projection-based Model Order Reduction

Recall optimality conditions

Computational Procedure
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Construct an RB space for the state
Note that 1' is not yet required!
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Projection-based Model Order Reduction

Recall optimality conditions

Computational Procedure
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Select optimal measurements via 
greedy algorithm in the hyper-parameter domain +

orthogonal matching pursuit [BINEV et al., ’18]
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<latexit sha1_base64="b8a1zOWxkttjsixHR171uaf5iOY=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgqeSSEG9FXrxWMHWQhPKZrNpl242YXcjlNCLf8WLB0W8+jO8+W/ctDlo68Cyj/dmmDcvSDlT2nG+rcra+sbmVnW7trO7t39gHx71VJJJQrsk4YnsB1hRzgTtaqY57aeS4jjg9CGYtAv94ZFKxRJxr6cp9WM8EixiBGtDDe0TL0h4qKax+XIvxnpMMEft2dCuOw1nXmgVuCWoQ1mdof3lhQnJYio04Vipgeuk2s+x1IxwOqt5maIpJhM8ogMDBY6p8vP5ATN0bpgQRYk0T2g0Z39P5DhWhUfTWVhUy1pB/qcNMh1d+zkTaaapIItFUcaRTlCRBgqZpETzqQGYSGa8IjLGEhNtMquZENzlk1dB77LhNhs3d816yynjqMIpnMEFuHAFLbiFDnSBwAye4RXerCfrxXq3PhatFaucOYY/ZX3+ABhjlq8=</latexit>
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Vu,N

<latexit sha1_base64="K2f+HnzHpP92ZRjei7jNb3Gi/dc=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgEDzJaGbjjwIsnmeDmYCslTdMtLE1KkgqzFP8VLx4U8er/4c3/xnTrQTcfhDze+/3IywsSRpV2nG+rsrK6tr5R3axtbe/s7tn7Bz0lUolJFwsmZD9AijDKSVdTzUg/kQTFASP3weSq8O8fiFRU8Ds9TYgXoxGnEcVIG8m3j4aBYKGaxubKen6Wnt/kuW/XnYYzA1wmbknqoETHt7+GocBpTLjGDCk1cJ1EexmSmmJG8towVSRBeIJGZGAoRzFRXjZLn8NTo4QwEtIcruFM/b2RoVgVAc1kjPRYLXqF+J83SHXU8jLKk1QTjucPRSmDWsCiChhSSbBmU0MQltRkhXiMJMLaFFYzJbiLX14mvYuG22y0bpv1tlPWUQXH4AScARdcgja4Bh3QBRg8gmfwCt6sJ+vFerc+5qMVq9w5BH9gff4ADvWVkw==</latexit>

TM

<latexit sha1_base64="P4iLWrPD28Hp9M8JiGQ6E0bhbYw=">AAAB+3icbVDNS8MwHE3n15xfdR69BIfgabQycMeBFy/ChH3BVkqapltYmpQkFUfpv+LFgyJe/Ue8+d+Ybj3o5oOQx3u/H3l5QcKo0o7zbVW2tnd296r7tYPDo+MT+7Q+UCKVmPSxYEKOAqQIo5z0NdWMjBJJUBwwMgzmt4U/fCRSUcF7epEQL0ZTTiOKkTaSb9cngWChWsTmynp+dp/nvt1wms4ScJO4JWmAEl3f/pqEAqcx4RozpNTYdRLtZUhqihnJa5NUkQThOZqSsaEcxUR52TJ7Di+NEsJISHO4hkv190aGYlXEM5Mx0jO17hXif9441VHbyyhPUk04Xj0UpQxqAYsiYEglwZotDEFYUpMV4hmSCGtTV82U4K5/eZMMrptuq9l+aDU6TllHFZyDC3AFXHADOuAOdEEfYPAEnsEreLNy68V6tz5WoxWr3DkDf2B9/gC9G5Tb</latexit>

V',N

<latexit sha1_base64="gtVKONPGDBq/WWjdTeAuljXXSw0=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZRECnZZcONKKtgHNCFMJpN26GQSZiaFEgJu/BU3LhRx60+482+ctFlo64FhDufcy733+AmjUlnWt1FZW9/Y3Kpu13Z29/YPzMOjnoxTgUkXxywWAx9JwignXUUVI4NEEBT5jPT9yU3h96dESBrzBzVLiBuhEachxUhpyTNPHD9mgZxF+st6XuZMkUjG9PIuzz2zbjWsOeAqsUtSByU6nvnlBDFOI8IVZkjKoW0lys2QUBQzktecVJIE4QkakaGmHEVEutn8hhyeayWAYSz04wrO1d8dGYpksaaujJAay2WvEP/zhqkKW25GeZIqwvFiUJgyqGJYBAIDKghWbKYJwoLqXSEeI4Gw0rHVdAj28smrpHfVsJuN1n2z3rbKOKrgFJyBC2CDa9AGt6ADugCDR/AMXsGb8WS8GO/Gx6K0YpQ9x+APjM8f2VmYQA==</latexit>

Construct an RB space for the adjoint

control

adjoint

state

misfit

( p⇤
✓,� )C � fco(�,'

⇤
✓ ) = 0 8 � 2 C

a✓( ⇣,'
⇤
✓ ) � �( ⇣, d⇤

✓)V = 0 8 ⇣ 2 V

a✓(u
⇤
✓, ⇠ ) � fco( p

⇤
✓, ⇠ ) = fbk( ⇠ ) 8 ⇠ 2 V

(u⇤
✓ + d⇤

✓, ⌧ )V = (ut, ⌧ )V 8 ⌧ 2 TM

<latexit sha1_base64="F+/anxzp9gqVWyMcbh3w+x3Pc5w="></latexit>

C

<latexit sha1_base64="b8a1zOWxkttjsixHR171uaf5iOY=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgqeSSEG9FXrxWMHWQhPKZrNpl242YXcjlNCLf8WLB0W8+jO8+W/ctDlo68Cyj/dmmDcvSDlT2nG+rcra+sbmVnW7trO7t39gHx71VJJJQrsk4YnsB1hRzgTtaqY57aeS4jjg9CGYtAv94ZFKxRJxr6cp9WM8EixiBGtDDe0TL0h4qKax+XIvxnpMMEft2dCuOw1nXmgVuCWoQ1mdof3lhQnJYio04Vipgeuk2s+x1IxwOqt5maIpJhM8ogMDBY6p8vP5ATN0bpgQRYk0T2g0Z39P5DhWhUfTWVhUy1pB/qcNMh1d+zkTaaapIItFUcaRTlCRBgqZpETzqQGYSGa8IjLGEhNtMquZENzlk1dB77LhNhs3d816yynjqMIpnMEFuHAFLbiFDnSBwAye4RXerCfrxXq3PhatFaucOYY/ZX3+ABhjlq8=</latexit>
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<latexit sha1_base64="K2f+HnzHpP92ZRjei7jNb3Gi/dc=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgEDzJaGbjjwIsnmeDmYCslTdMtLE1KkgqzFP8VLx4U8er/4c3/xnTrQTcfhDze+/3IywsSRpV2nG+rsrK6tr5R3axtbe/s7tn7Bz0lUolJFwsmZD9AijDKSVdTzUg/kQTFASP3weSq8O8fiFRU8Ds9TYgXoxGnEcVIG8m3j4aBYKGaxubKen6Wnt/kuW/XnYYzA1wmbknqoETHt7+GocBpTLjGDCk1cJ1EexmSmmJG8towVSRBeIJGZGAoRzFRXjZLn8NTo4QwEtIcruFM/b2RoVgVAc1kjPRYLXqF+J83SHXU8jLKk1QTjucPRSmDWsCiChhSSbBmU0MQltRkhXiMJMLaFFYzJbiLX14mvYuG22y0bpv1tlPWUQXH4AScARdcgja4Bh3QBRg8gmfwCt6sJ+vFerc+5qMVq9w5BH9gff4ADvWVkw==</latexit>

TM

<latexit sha1_base64="P4iLWrPD28Hp9M8JiGQ6E0bhbYw=">AAAB+3icbVDNS8MwHE3n15xfdR69BIfgabQycMeBFy/ChH3BVkqapltYmpQkFUfpv+LFgyJe/Ue8+d+Ybj3o5oOQx3u/H3l5QcKo0o7zbVW2tnd296r7tYPDo+MT+7Q+UCKVmPSxYEKOAqQIo5z0NdWMjBJJUBwwMgzmt4U/fCRSUcF7epEQL0ZTTiOKkTaSb9cngWChWsTmynp+dp/nvt1wms4ScJO4JWmAEl3f/pqEAqcx4RozpNTYdRLtZUhqihnJa5NUkQThOZqSsaEcxUR52TJ7Di+NEsJISHO4hkv190aGYlXEM5Mx0jO17hXif9441VHbyyhPUk04Xj0UpQxqAYsiYEglwZotDEFYUpMV4hmSCGtTV82U4K5/eZMMrptuq9l+aDU6TllHFZyDC3AFXHADOuAOdEEfYPAEnsEreLNy68V6tz5WoxWr3DkDf2B9/gC9G5Tb</latexit>

V',N

<latexit sha1_base64="gtVKONPGDBq/WWjdTeAuljXXSw0=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZRECnZZcONKKtgHNCFMJpN26GQSZiaFEgJu/BU3LhRx60+482+ctFlo64FhDufcy733+AmjUlnWt1FZW9/Y3Kpu13Z29/YPzMOjnoxTgUkXxywWAx9JwignXUUVI4NEEBT5jPT9yU3h96dESBrzBzVLiBuhEachxUhpyTNPHD9mgZxF+st6XuZMkUjG9PIuzz2zbjWsOeAqsUtSByU6nvnlBDFOI8IVZkjKoW0lys2QUBQzktecVJIE4QkakaGmHEVEutn8hhyeayWAYSz04wrO1d8dGYpksaaujJAay2WvEP/zhqkKW25GeZIqwvFiUJgyqGJYBAIDKghWbKYJwoLqXSEeI4Gw0rHVdAj28smrpHfVsJuN1n2z3rbKOKrgFJyBC2CDa9AGt6ADugCDR/AMXsGb8WS8GO/Gx6K0YpQ9x+APjM8f2VmYQA==</latexit>

VN = Vu,N + V',N

<latexit sha1_base64="lAaACFvUNnh9APT1m3T1KfNwuO0=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQlZJIwW6EghtXpYJNC00Ik8mkHTp5MDMplJB/cOOvuHGhiFs37vwbJ20WWj0wzJlz7mXuPV7CqJCG8aVVVlbX1jeqm7Wt7Z3dPX3/wBJxyjHp4ZjFfOAhQRiNSE9Sycgg4QSFHiN9b3JT+P0p4YLG0b2cJcQJ0SiiAcVIKsnVz2wvZr6YherKLLcDr6HlZulFJ4fnBbOniCdjqt65q9eNhjEH/EvMktRBia6rf9p+jNOQRBIzJMTQNBLpZIhLihnJa3YqSILwBI3IUNEIhUQ42XynHJ4oxYdBzNWJJJyrPzsyFIpibFUZIjkWy14h/ucNUxm0nIxGSSpJhBcfBSmDMoZFQNCnnGDJZoogzKmaFeIx4ghLFWNNhWAur/yXWJcNs9lo3TXrbaOMowqOwDE4BSa4Am1wC7qgBzB4AE/gBbxqj9qz9qa9L0orWtlzCH5B+/gGvq2dZw==</latexit>

control

adjoint

state

misfit

( p⇤
✓,� )C � fco(�,'

⇤
✓ ) = 0 8 � 2 C

a✓( ⇣,'
⇤
✓ ) � �( ⇣, d⇤

✓)V = 0 8 ⇣ 2 V

a✓(u
⇤
✓, ⇠ ) � fco( p

⇤
✓, ⇠ ) = fbk( ⇠ ) 8 ⇠ 2 V

(u⇤
✓ + d⇤

✓, ⌧ )V = (ut, ⌧ )V 8 ⌧ 2 TM

<latexit sha1_base64="F+/anxzp9gqVWyMcbh3w+x3Pc5w="></latexit>

C

<latexit sha1_base64="b8a1zOWxkttjsixHR171uaf5iOY=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgqeSSEG9FXrxWMHWQhPKZrNpl242YXcjlNCLf8WLB0W8+jO8+W/ctDlo68Cyj/dmmDcvSDlT2nG+rcra+sbmVnW7trO7t39gHx71VJJJQrsk4YnsB1hRzgTtaqY57aeS4jjg9CGYtAv94ZFKxRJxr6cp9WM8EixiBGtDDe0TL0h4qKax+XIvxnpMMEft2dCuOw1nXmgVuCWoQ1mdof3lhQnJYio04Vipgeuk2s+x1IxwOqt5maIpJhM8ogMDBY6p8vP5ATN0bpgQRYk0T2g0Z39P5DhWhUfTWVhUy1pB/qcNMh1d+zkTaaapIItFUcaRTlCRBgqZpETzqQGYSGa8IjLGEhNtMquZENzlk1dB77LhNhs3d816yynjqMIpnMEFuHAFLbiFDnSBwAye4RXerCfrxXq3PhatFaucOYY/ZX3+ABhjlq8=</latexit>
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V = {v 2 H
1(⌦) : v|�D = 0}

<latexit sha1_base64="FZslkwqAEzZuAI6ZywQicllpJ/k="></latexit>

a✓(u, v) :=
2X

i=0

✓i

Z

⌦i

ru · rw dx

<latexit sha1_base64="k2pqrVg+RB/jjZzebDpFb6z7Mr0="></latexit>

homogeneous Dirichlet

input heat flux

homogeneous 
Neumann

⌦1, ✓1

<latexit sha1_base64="0RBfkNOTQfBkg/FK/duuGDjmWpw=">AAACCXicbVC7SgNBFJ2Nr7i+Vi1tBoNgIWFXAqYM2NgZwTwgu4TZyU0yZPbBzF0hLGlt/BUbC0Vs/QM7/8bJo9DEA8MczrmXe+8JUyk0uu63VVhb39jcKm7bO7t7+wfO4VFTJ5ni0OCJTFQ7ZBqkiKGBAiW0UwUsCiW0wtH11G89gNIiie9xnEIQsUEs+oIzNFLXoX6YyJ4eR+bLbf82ggHrehfUxyGgYZOuU3LL7gx0lXgLUiIL1LvOl99LeBZBjFwyrTuem2KQM4WCS5jYfqYhZXzEBtAxNGYR6CCfXTKhZ0bp0X6izIuRztTfHTmL9HRZUxkxHOplbyr+53Uy7FeDXMRphhDz+aB+JikmdBoL7QkFHOXYEMaVMLtSPmSKcTTh2SYEb/nkVdK8LHuVcvWuUqq5iziK5IScknPikStSIzekThqEk0fyTF7Jm/VkvVjv1se8tGAteo7JH1ifP6NLmZw=</latexit>

⌦2, ✓2

<latexit sha1_base64="qyKqEPPw8X5WKCcM8RMj7T/0+tI=">AAACCXicbVC7SgNBFJ31GdfXqqXNYBAsJOyGgCkDNnZGMA/ILmF2cpMMmX0wc1cIS1obf8XGQhFb/8DOv3HyKDTxwDCHc+7l3nvCVAqNrvttra1vbG5tF3bs3b39g0Pn6Lipk0xxaPBEJqodMg1SxNBAgRLaqQIWhRJa4eh66rceQGmRxPc4TiGI2CAWfcEZGqnrUD9MZE+PI/Pltn8bwYB1y5fUxyGgYZOuU3RL7gx0lXgLUiQL1LvOl99LeBZBjFwyrTuem2KQM4WCS5jYfqYhZXzEBtAxNGYR6CCfXTKh50bp0X6izIuRztTfHTmL9HRZUxkxHOplbyr+53Uy7FeDXMRphhDz+aB+JikmdBoL7QkFHOXYEMaVMLtSPmSKcTTh2SYEb/nkVdIsl7xKqXpXKdbcRRwFckrOyAXxyBWpkRtSJw3CySN5Jq/kzXqyXqx362NeumYtek7IH1ifP6ZfmZ4=</latexit>

⌦0, ✓0

<latexit sha1_base64="h33SvncCQu38Y+mcK+4uw19TjRo=">AAACCXicbVC7SgNBFJ2Nr7i+Vi1tBoNgIWFXAqYM2NgZwTwgu4TZyU0yZPbBzF0hLGlt/BUbC0Vs/QM7/8bJo9DEA8MczrmXe+8JUyk0uu63VVhb39jcKm7bO7t7+wfO4VFTJ5ni0OCJTFQ7ZBqkiKGBAiW0UwUsCiW0wtH11G89gNIiie9xnEIQsUEs+oIzNFLXoX6YyJ4eR+bLbf82ggHruhfUxyGgYZOuU3LL7gx0lXgLUiIL1LvOl99LeBZBjFwyrTuem2KQM4WCS5jYfqYhZXzEBtAxNGYR6CCfXTKhZ0bp0X6izIuRztTfHTmL9HRZUxkxHOplbyr+53Uy7FeDXMRphhDz+aB+JikmdBoL7QkFHOXYEMaVMLtSPmSKcTTh2SYEb/nkVdK8LHuVcvWuUqq5iziK5IScknPikStSIzekThqEk0fyTF7Jm/VkvVjv1se8tGAteo7JH1ifP6A3mZo=</latexit>

�in

<latexit sha1_base64="C+uSb9SWsBWoW4WUPY3vxttc/FA=">AAACBnicbVDLSsNAFJ3UV42vqEsRBovgqiRSsMuCC11WsA9oQphMpu3QmUmYmQgldOXGX3HjQhG3foM7/8ZJm4W2HhjmcM693HtPlDKqtOt+W5W19Y3Nreq2vbO7t3/gHB51VZJJTDo4YYnsR0gRRgXpaKoZ6aeSIB4x0osm14XfeyBS0UTc62lKAo5Ggg4pRtpIoXPqRwmL1ZSbL7f9G8Q5CnNfckjFbBY6NbfuzgFXiVeSGijRDp0vP05wxonQmCGlBp6b6iBHUlPMyMz2M0VShCdoRAaGCsSJCvL5GTN4bpQYDhNpntBwrv7uyBFXxaamkiM9VsteIf7nDTI9bAY5FWmmicCLQcOMQZ3AIhMYU0mwZlNDEJbU7ArxGEmEtUnONiF4yyevku5l3WvUm3eNWsst46iCE3AGLoAHrkAL3II26AAMHsEzeAVv1pP1Yr1bH4vSilX2HIM/sD5/AIzumSM=</latexit>

✓0 = 1, ✓ = (✓1, ✓2) 2 [0.1, 10]2

<latexit sha1_base64="vWp6gwup3CXqqZ7kahxos2qqV5A="></latexit>



homogeneous Dirichlet

input heat flux

homogeneous 
Neumann

Thermal Block

• “Best-knowledge” boundary condition

Constant heat flux

• Correction 

• Low-dimensional approximation

(polynomial space)
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⌦1, ✓1

<latexit sha1_base64="0RBfkNOTQfBkg/FK/duuGDjmWpw=">AAACCXicbVC7SgNBFJ2Nr7i+Vi1tBoNgIWFXAqYM2NgZwTwgu4TZyU0yZPbBzF0hLGlt/BUbC0Vs/QM7/8bJo9DEA8MczrmXe+8JUyk0uu63VVhb39jcKm7bO7t7+wfO4VFTJ5ni0OCJTFQ7ZBqkiKGBAiW0UwUsCiW0wtH11G89gNIiie9xnEIQsUEs+oIzNFLXoX6YyJ4eR+bLbf82ggHrehfUxyGgYZOuU3LL7gx0lXgLUiIL1LvOl99LeBZBjFwyrTuem2KQM4WCS5jYfqYhZXzEBtAxNGYR6CCfXTKhZ0bp0X6izIuRztTfHTmL9HRZUxkxHOplbyr+53Uy7FeDXMRphhDz+aB+JikmdBoL7QkFHOXYEMaVMLtSPmSKcTTh2SYEb/nkVdK8LHuVcvWuUqq5iziK5IScknPikStSIzekThqEk0fyTF7Jm/VkvVjv1se8tGAteo7JH1ifP6NLmZw=</latexit>

⌦2, ✓2

<latexit sha1_base64="qyKqEPPw8X5WKCcM8RMj7T/0+tI=">AAACCXicbVC7SgNBFJ31GdfXqqXNYBAsJOyGgCkDNnZGMA/ILmF2cpMMmX0wc1cIS1obf8XGQhFb/8DOv3HyKDTxwDCHc+7l3nvCVAqNrvttra1vbG5tF3bs3b39g0Pn6Lipk0xxaPBEJqodMg1SxNBAgRLaqQIWhRJa4eh66rceQGmRxPc4TiGI2CAWfcEZGqnrUD9MZE+PI/Pltn8bwYB1y5fUxyGgYZOuU3RL7gx0lXgLUiQL1LvOl99LeBZBjFwyrTuem2KQM4WCS5jYfqYhZXzEBtAxNGYR6CCfXTKh50bp0X6izIuRztTfHTmL9HRZUxkxHOplbyr+53Uy7FeDXMRphhDz+aB+JikmdBoL7QkFHOXYEMaVMLtSPmSKcTTh2SYEb/nkVdIsl7xKqXpXKdbcRRwFckrOyAXxyBWpkRtSJw3CySN5Jq/kzXqyXqx362NeumYtek7IH1ifP6ZfmZ4=</latexit>

⌦0, ✓0

<latexit sha1_base64="h33SvncCQu38Y+mcK+4uw19TjRo=">AAACCXicbVC7SgNBFJ2Nr7i+Vi1tBoNgIWFXAqYM2NgZwTwgu4TZyU0yZPbBzF0hLGlt/BUbC0Vs/QM7/8bJo9DEA8MczrmXe+8JUyk0uu63VVhb39jcKm7bO7t7+wfO4VFTJ5ni0OCJTFQ7ZBqkiKGBAiW0UwUsCiW0wtH11G89gNIiie9xnEIQsUEs+oIzNFLXoX6YyJ4eR+bLbf82ggHruhfUxyGgYZOuU3LL7gx0lXgLUiIL1LvOl99LeBZBjFwyrTuem2KQM4WCS5jYfqYhZXzEBtAxNGYR6CCfXTKhZ0bp0X6izIuRztTfHTmL9HRZUxkxHOplbyr+53Uy7FeDXMRphhDz+aB+JikmdBoL7QkFHOXYEMaVMLtSPmSKcTTh2SYEb/nkVdK8LHuVcvWuUqq5iziK5IScknPikStSIzekThqEk0fyTF7Jm/VkvVjv1se8tGAteo7JH1ifP6A3mZo=</latexit>

CN = P3

<latexit sha1_base64="XI2udIOkSqj1PSUFZk5My4/StRo=">AAACFnicbVDLSsNAFJ34rPEVdelmsAhuLIkW7EYodONKKtgHNCFMJpN26OTBzEQoIV/hxl9x40IRt+LOv3GSZqGtB4Y5c+69zLnHSxgV0jS/tZXVtfWNzdqWvr2zu7dvHBz2RZxyTHo4ZjEfekgQRiPSk1QyMkw4QaHHyMCbdor64IFwQePoXs4S4oRoHNGAYiSV5BrnthczX8xCdWV6ZodITjBiWSd3b+E1LN+el3Vz9zLXc9eomw2zBFwmVkXqoELXNb5sP8ZpSCKJGRJiZJmJdDLEJcWM5LqdCpIgPEVjMlI0QiERTlaulcNTpfgwiLk6kYSl+nsiQ6EonKvOwqZYrBXif7VRKoOWk9EoSSWJ8PyjIGVQxrDICPqUEyzZTBGEOVVeIZ4gjrBUSeoqBGtx5WXSv2hYzUbrrllvm1UcNXAMTsAZsMAVaIMb0AU9gMEjeAav4E170l60d+1j3rqiVTNH4A+0zx8NT588</latexit>

�in

<latexit sha1_base64="C+uSb9SWsBWoW4WUPY3vxttc/FA=">AAACBnicbVDLSsNAFJ3UV42vqEsRBovgqiRSsMuCC11WsA9oQphMpu3QmUmYmQgldOXGX3HjQhG3foM7/8ZJm4W2HhjmcM693HtPlDKqtOt+W5W19Y3Nreq2vbO7t3/gHB51VZJJTDo4YYnsR0gRRgXpaKoZ6aeSIB4x0osm14XfeyBS0UTc62lKAo5Ggg4pRtpIoXPqRwmL1ZSbL7f9G8Q5CnNfckjFbBY6NbfuzgFXiVeSGijRDp0vP05wxonQmCGlBp6b6iBHUlPMyMz2M0VShCdoRAaGCsSJCvL5GTN4bpQYDhNpntBwrv7uyBFXxaamkiM9VsteIf7nDTI9bAY5FWmmicCLQcOMQZ3AIhMYU0mwZlNDEJbU7ArxGEmEtUnONiF4yyevku5l3WvUm3eNWsst46iCE3AGLoAHrkAL3II26AAMHsEzeAVv1pP1Yr1bH4vSilX2HIM/sD5/AIzumSM=</latexit>

fbk(v) =

Z

�in

1 · v d�

<latexit sha1_base64="bRjujvjQvqnCHA1QD064Etz0lOs="></latexit>

fco(p, v) =

Z

�in

p v d�, p 2 C := L2(�in)

<latexit sha1_base64="uboy7T7AlfpHPe+Sxn+yjo74F78="></latexit>
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Input flux  

State
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of a 49x49 grid of Gaussian functionals
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true state

x 2 �in

<latexit sha1_base64="nJ2IkcvG+WrRlJYjor8V69Gnma8=">AAACDXicbVC7SgNBFJ31GdfXqqXNYBSswq4ETBmw0DKCeUB2WWZnJ8mQeSwzs2JY8gM2/oqNhSK29nb+jZNHoYkHhjmccy/33pNkjGrj+9/Oyura+sZmacvd3tnd2/cODlta5gqTJpZMqk6CNGFUkKahhpFOpgjiCSPtZHg18dv3RGkqxZ0ZZSTiqC9oj2JkrBR7p2EiWapH3H6F+wBDKmB4jThHcREqDqkYu+PYK/sVfwq4TII5KYM5GrH3FaYS55wIgxnSuhv4mYkKpAzFjIzdMNckQ3iI+qRrqUCc6KiYXjOGZ1ZJYU8q+4SBU/V3R4G4nixsKzkyA73oTcT/vG5uerWooCLLDRF4NqiXM2gknEQDU6oINmxkCcKK2l0hHiCFsLEBujaEYPHkZdK6qATVSu22Wq778zhK4BicgHMQgEtQBzegAZoAg0fwDF7Bm/PkvDjvzsesdMWZ9xyBP3A+fwDYhpte</latexit>

TM

<latexit sha1_base64="480/8K2/TEQCOOjlXZxl/ZOQx3A=">AAAB+3icbVDNS8MwHE3n16xfdR69BIfgabQycMeBFy/ChH3BVkqapltYmpQkFUfZv+LFgyJe/Ue8+d+Ybj3o5oOQx3u/H3l5Ycqo0q77bVW2tnd296r79sHh0fGJc1rrK5FJTHpYMCGHIVKEUU56mmpGhqkkKAkZGYSz28IfPBKpqOBdPU+Jn6AJpzHFSBspcGrjULBIzRNz5XY3uLcXgVN3G+4ScJN4JamDEp3A+RpHAmcJ4RozpNTIc1Pt50hqihlZ2ONMkRThGZqQkaEcJUT5+TL7Al4aJYKxkOZwDZfq740cJaqIZyYTpKdq3SvE/7xRpuOWn1OeZppwvHoozhjUAhZFwIhKgjWbG4KwpCYrxFMkEdamLtuU4K1/eZP0rxtes9F6aNbbbllHFZyDC3AFPHAD2uAOdEAPYPAEnsEreLMW1ov1bn2sRitWuXMG/sD6/AFhF5P3</latexit>

L

<latexit sha1_base64="zzsFGatSka28MGtvK7JASLsOX+Y=">AAACA3icbVDLSsNAFJ34rPEVdaebwSK4Kkkp2GXBjQsXFewDmlAmk0k7dDITZiZCCQU3/oobF4q49Sfc+TdO2iy09cIwh3Pu5Z57wpRRpV3321pb39jc2q7s2Lt7+weHztFxV4lMYtLBggnZD5EijHLS0VQz0k8lQUnISC+cXBd674FIRQW/19OUBAkacRpTjLShhs6pHwoWqWlivtz2E6THGLH8dmbPhk7VrbnzgqvAK0EVlNUeOl9+JHCWEK4xQ0oNPDfVQY6kppiRme1niqQIT9CIDAzkKCEqyOc3zOCFYSIYC2ke13DO/p7IUaIKm6azMKmWtYL8TxtkOm4GOeVppgnHi0VxxqAWsAgERlQSrNnUAIQlNV4hHiOJsDax2SYEb/nkVdCt17xGrXnXqLbqZRwVcAbOwSXwwBVogRvQBh2AwSN4Bq/gzXqyXqx362PRumaVMyfgT1mfPxUZl8M=</latexit>

✓t = (7.0, 0.3) 2 D

<latexit sha1_base64="cJCPSlj6LaksrPLVBgASFuLp4QM="></latexit>

pt(x) = 1.5 + 0.3 sin(2⇡x)

<latexit sha1_base64="lqKEaOxCDiQ6WMEFqQ+a7b5hxYw="></latexit>

ut = u✓t(pt)

<latexit sha1_base64="GcO21EtxUlLMLQb+1S7D2Suzm3c=">AAACIHicbZDLSgMxFIYz9VbrbdSlm2AR6qbMSKG6EApuXFawF2hLyWQybWjmQnJGKMM8ihtfxY0LRXSnT2OmnYK2Hgj5+M85JP/vRIIrsKwvo7C2vrG5Vdwu7ezu7R+Yh0dtFcaSshYNRSi7DlFM8IC1gINg3Ugy4juCdZzJTdbvPDCpeBjcwzRiA5+MAu5xSkBLQ7Ped0Lhqqmvr6QUD5O+9DGk+BpnDGMGZKGllWiB5+nQLFtVa1Z4Fewcyiiv5tD87LshjX0WABVEqZ5tRTBIiAROBUtL/VixiNAJGbGexoD4TA2SmcEUn2nFxV4o9QkAz9TfGwnxVeZBT/oExmq5l4n/9XoxeJeDhAdRDCyg84e8WGAIcZYWdrlkFMRUA6GS679iOiaSUNCZlnQI9rLlVWhfVO1a9equVm5YeRxFdIJOUQXZqI4a6BY1UQtR9Iie0St6M56MF+Pd+JiPFox85xj9KeP7B4M5o8M=</latexit>
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inf-sup constants during sensor selection
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dim(T)

10-4

10-3

10-2

10-1

100

min  
T,R

( )

min
( , )

 
T,R

( , )

chosen sensor locations

min✓ �TM ,N (✓)

<latexit sha1_base64="HTu//bMCDi76au1mqK3iE5QWcLY=">AAACHHicbVBNS8NAEN34bfyqevSyWAQFKYkW7LHgxYuiYFVoSthsp+3iZhN2J2IJ+SFe/CtePCjixYPgv3H7cVDrg2Ee782wOy9KpTDoeV/O1PTM7Nz8wqK7tLyyulZa37gySaY5NHgiE30TMQNSKGigQAk3qQYWRxKuo9vjgX99B9qIRF1iP4VWzLpKdARnaKWwdJi7AcI9GuxLCGKhwjzAHiAraBDZFub5ZXha7J8VuyN9zy3CUtmreEPQSeKPSZmMcR6WPoJ2wrMYFHLJjGn6XoqtnGkUXELhBpmBlPFb1oWmpYrFYFr58LiC7lilTTuJtqWQDtWfGzmLjenHkZ2MGfbMX28g/uc1M+zUWrlQaYag+OihTiYpJnSQFG0LDRxl3xLGtbB/pbzHNONo83RtCP7fkyfJ1UHFr1ZqF9VynY7jWCBbZJvsEp8ckTo5IeekQTh5IE/khbw6j86z8+a8j0annPHOJvkF5/MbS3ih/Q==</latexit>

min✓,⌫ �TM ,N (✓, ⌫)

<latexit sha1_base64="ddjd+o/MjhxYWKKfZ4XRpohPWIU=">AAACJHicbZDLSsNAFIYnXmu8VV26GSyCgpRECgpuBDdulAqtCk0Jk+mpHZxMwsyJWEIexo2v4saFF1y48VmcXsDrgYGP/z+HM+ePUikMet67MzE5NT0zW5pz5xcWl5bLK6vnJsk0hyZPZKIvI2ZACgVNFCjhMtXA4kjCRXR9NPAvbkAbkagG9lNox+xKia7gDK0Ulg9yN0C4RYN9CUEsVJgH2ANkO4HKChpEFsM8b4Qnxc5psfXlbbtFWK54VW9Y9C/4Y6iQcdXD8kvQSXgWg0IumTEt30uxnTONgkso3CAzkDJ+za6gZVGxGEw7Hx5Z0E2rdGg30fYppEP1+0TOYmP6cWQ7Y4Y989sbiP95rQy7++1cqDRDUHy0qJtJigkdJEY7QgNH2bfAuBb2r5T3mGYcba6uDcH/ffJfON+t+rXq/lmtckjHcZTIOtkgW8Qne+SQHJM6aRJO7sgDeSLPzr3z6Lw6b6PWCWc8s0Z+lPPxCWkcpSM=</latexit>

dimTM

<latexit sha1_base64="a6KJcLbhTewHGKqfzd7nhUk47Es=">AAACAnicbVDLSsNAFJ34rPEVdSVuBqvgQkoiBbssuHEjVOgLmhAmk0k7dJIJMxOhhOLGX3HjQhG3foU7/8ZJm4W2HhjmcM693HtPkDIqlW1/Gyura+sbm5Utc3tnd2/fOjjsSp4JTDqYMy76AZKE0YR0FFWM9FNBUBww0gvGN4XfeyBCUp601SQlXoyGCY0oRkpLvnWcuwFnoZzE+oNuSGPoXrb9O3PqW1W7Zs8Al4lTkioo0fKtLzfkOItJojBDUg4cO1VejoSimJGp6WaSpAiP0ZAMNE1QTKSXz06YwnOthDDiQr9EwZn6uyNHsSyW1JUxUiO56BXif94gU1HDy2mSZookeD4oyhhUHBZ5wJAKghWbaIKwoHpXiEdIIKx0aqYOwVk8eZl0r2pOvda4r1ebZ2UcFXACTsEFcMA1aIJb0AIdgMEjeAav4M14Ml6Md+NjXrpilD1H4A+Mzx8hgpaF</latexit>
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� = 10

<latexit sha1_base64="JU459o7ukwyb0rvhrFLf3U0CPmA=">AAACBnicbVDLSsNAFJ3UV42vqEsRBovgQkoiBbsRCm5cVrC10IQymUzaoZOZMDMRSujKjb/ixoUibv0Gd/6NkzYLbb0wzOGce7j3njBlVGnX/bYqK6tr6xvVTXtre2d3z9k/6CqRSUw6WDAheyFShFFOOppqRnqpJCgJGbkPx9eFfv9ApKKC3+lJSoIEDTmNKUbaUAPnOPdDwSI1ScwHc58Za4TgFfTcqT0dODW37s4KLgOvBDVQVnvgfPmRwFlCuMYMKdX33FQHOZKaYkamtp8pkiI8RkPSN5CjhKggn50xhaeGiWAspHlcwxn725GjRBWLms4E6ZFa1AryP62f6bgZ5JSnmSYczwfFGYNawCITGFFJsGYTAxCW1OwK8QhJhLVJzjYheIsnL4PuRd1r1Ju3jVrrvIyjCo7ACTgDHrgELXAD2qADMHgEz+AVvFlP1ov1bn3MWytW6TkEf8r6/AHnHJgK</latexit>

� = 1

<latexit sha1_base64="+MM6Jy9rOURdq+mknUfGx05PbAU=">AAACBXicbVDLSsNAFJ3UV42vqEtdDBbBhZRECnYjFNy4rGBroQllMpm0QyczYWYilNCNG3/FjQtF3PoP7vwbJ20W2nphmMM593DvPWHKqNKu+21VVlbX1jeqm/bW9s7unrN/0FUik5h0sGBC9kKkCKOcdDTVjPRSSVASMnIfjq8L/f6BSEUFv9OTlAQJGnIaU4y0oQbOce6HgkVqkpgP5j4z1gjBK+hN7enAqbl1d1ZwGXglqIGy2gPny48EzhLCNWZIqb7npjrIkdQUMzK1/UyRFOExGpK+gRwlRAX57IopPDVMBGMhzeMaztjfjhwlqtjTdCZIj9SiVpD/af1Mx80gpzzNNOF4PijOGNQCFpHAiEqCNZsYgLCkZleIR0girE1wtgnBWzx5GXQv6l6j3rxt1FrnZRxVcAROwBnwwCVogRvQBh2AwSN4Bq/gzXqyXqx362PeWrFKzyH4U9bnD29/l9A=</latexit>

(prior
(true
noise-free limit
RB-3D-VAR (noise-free)
RB-3D-VAR (mean)
RB-3D-VAR (with noise)

(prior
(true
noise-free limit
RB-3D-VAR (noise-free)
RB-3D-VAR (mean)
RB-3D-VAR (with noise)

�in

<latexit sha1_base64="2za4HtNbRn5LgFkm2J6M+L88hw8=">AAACB3icbVDLSsNAFJ34rPEVdSnIYBG6KokU7LLgQpcV7AOaUCbTSTt0ZhJmJkIJ2bnxV9y4UMStv+DOv3HSZqGtB4Y5nHMv994TJowq7brf1tr6xubWdmXH3t3bPzh0jo67Kk4lJh0cs1j2Q6QIo4J0NNWM9BNJEA8Z6YXT68LvPRCpaCzu9SwhAUdjQSOKkTbS0Dnzw5iN1IybL7P9G8Q5Gma+5JCK3M6HTtWtu3PAVeKVpApKtIfOlz+KccqJ0JghpQaem+ggQ1JTzEhu+6kiCcJTNCYDQwXiRAXZ/I4cXhhlBKNYmic0nKu/OzLEVbGqqeRIT9SyV4j/eYNUR80goyJJNRF4MShKGdQxLEKBIyoJ1mxmCMKSml0hniCJsDbR2SYEb/nkVdK9rHuNevOuUW3Vyjgq4BScgxrwwBVogVvQBh2AwSN4Bq/gzXqyXqx362NRumaVPSfgD6zPH8nTmS8=</latexit>

�in

<latexit sha1_base64="2za4HtNbRn5LgFkm2J6M+L88hw8=">AAACB3icbVDLSsNAFJ34rPEVdSnIYBG6KokU7LLgQpcV7AOaUCbTSTt0ZhJmJkIJ2bnxV9y4UMStv+DOv3HSZqGtB4Y5nHMv994TJowq7brf1tr6xubWdmXH3t3bPzh0jo67Kk4lJh0cs1j2Q6QIo4J0NNWM9BNJEA8Z6YXT68LvPRCpaCzu9SwhAUdjQSOKkTbS0Dnzw5iN1IybL7P9G8Q5Gma+5JCK3M6HTtWtu3PAVeKVpApKtIfOlz+KccqJ0JghpQaem+ggQ1JTzEhu+6kiCcJTNCYDQwXiRAXZ/I4cXhhlBKNYmic0nKu/OzLEVbGqqeRIT9SyV4j/eYNUR80goyJJNRF4MShKGdQxLEKBIyoJ1mxmCMKSml0hniCJsDbR2SYEb/nkVdK9rHuNevOuUW3Vyjgq4BScgxrwwBVogVvQBh2AwSN4Bq/gzXqyXqx362NRumaVPSfgD6zPH8nTmS8=</latexit>
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� = 1

<latexit sha1_base64="+MM6Jy9rOURdq+mknUfGx05PbAU=">AAACBXicbVDLSsNAFJ3UV42vqEtdDBbBhZRECnYjFNy4rGBroQllMpm0QyczYWYilNCNG3/FjQtF3PoP7vwbJ20W2nphmMM593DvPWHKqNKu+21VVlbX1jeqm/bW9s7unrN/0FUik5h0sGBC9kKkCKOcdDTVjPRSSVASMnIfjq8L/f6BSEUFv9OTlAQJGnIaU4y0oQbOce6HgkVqkpgP5j4z1gjBK+hN7enAqbl1d1ZwGXglqIGy2gPny48EzhLCNWZIqb7npjrIkdQUMzK1/UyRFOExGpK+gRwlRAX57IopPDVMBGMhzeMaztjfjhwlqtjTdCZIj9SiVpD/af1Mx80gpzzNNOF4PijOGNQCFpHAiEqCNZsYgLCkZleIR0girE1wtgnBWzx5GXQv6l6j3rxt1FrnZRxVcAROwBnwwCVogRvQBh2AwSN4Bq/gzXqyXqx362PeWrFKzyH4U9bnD29/l9A=</latexit>
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� = 100

<latexit sha1_base64="fw9NCYuOYzh3Ja8+o/D9MTJHfC0=">AAACB3icbVDLSsNAFJ3UV42vqEtBBovgQkoiBbsRCm5cVrC10IQymUzaoZOZMDMRSujOjb/ixoUibv0Fd/6NkzYLbb0wzOGce7j3njBlVGnX/bYqK6tr6xvVTXtre2d3z9k/6CqRSUw6WDAheyFShFFOOppqRnqpJCgJGbkPx9eFfv9ApKKC3+lJSoIEDTmNKUbaUAPnOPdDwSI1ScwHc58Za4TgFfRcd2pPB07NrbuzgsvAK0ENlNUeOF9+JHCWEK4xQ0r1PTfVQY6kppiRqe1niqQIj9GQ9A3kKCEqyGd3TOGpYSIYC2ke13DG/nbkKFHFpqYzQXqkFrWC/E/rZzpuBjnlaaYJx/NBccagFrAIBUZUEqzZxACEJTW7QjxCEmFtorNNCN7iycuge1H3GvXmbaPWOi/jqIIjcALOgAcuQQvcgDboAAwewTN4BW/Wk/VivVsf89aKVXoOwZ+yPn8AXvqYRA==</latexit>

� = 1000

<latexit sha1_base64="ixWDgiQsfUPtM4M4kApvpgEtJvE=">AAACCHicbVDLSsNAFJ3UV42vqEsXDhbBhZSJFOxGKLhxWcHWQhPKZDJph04mYWYilNClG3/FjQtF3PoJ7vwbJ20W2nphmMM593DvPUHKmdIIfVuVldW19Y3qpr21vbO75+wfdFWSSUI7JOGJ7AVYUc4E7WimOe2lkuI44PQ+GF8X+v0DlYol4k5PUurHeChYxAjWhho4x7kXJDxUk9h8MPe4sYYYXkEXITS1pwOnhupoVnAZuCWogbLaA+fLCxOSxVRowrFSfRel2s+x1IxwOrW9TNEUkzEe0r6BAsdU+fnskCk8NUwIo0SaJzScsb8dOY5VsarpjLEeqUWtIP/T+pmOmn7ORJppKsh8UJRxqBNYpAJDJinRfGIAJpKZXSEZYYmJNtnZJgR38eRl0L2ou41687ZRa52XcVTBETgBZ8AFl6AFbkAbdAABj+AZvII368l6sd6tj3lrxSo9h+BPWZ8/1vuYfg==</latexit>

(prior
(true
noise-free limit
RB-3D-VAR (noise-free)
RB-3D-VAR (mean)
RB-3D-VAR (with noise)

(prior
(true
noise-free limit
RB-3D-VAR (noise-free)
RB-3D-VAR (mean)
RB-3D-VAR (with noise)

�in

<latexit sha1_base64="2za4HtNbRn5LgFkm2J6M+L88hw8=">AAACB3icbVDLSsNAFJ34rPEVdSnIYBG6KokU7LLgQpcV7AOaUCbTSTt0ZhJmJkIJ2bnxV9y4UMStv+DOv3HSZqGtB4Y5nHMv994TJowq7brf1tr6xubWdmXH3t3bPzh0jo67Kk4lJh0cs1j2Q6QIo4J0NNWM9BNJEA8Z6YXT68LvPRCpaCzu9SwhAUdjQSOKkTbS0Dnzw5iN1IybL7P9G8Q5Gma+5JCK3M6HTtWtu3PAVeKVpApKtIfOlz+KccqJ0JghpQaem+ggQ1JTzEhu+6kiCcJTNCYDQwXiRAXZ/I4cXhhlBKNYmic0nKu/OzLEVbGqqeRIT9SyV4j/eYNUR80goyJJNRF4MShKGdQxLEKBIyoJ1mxmCMKSml0hniCJsDbR2SYEb/nkVdK9rHuNevOuUW3Vyjgq4BScgxrwwBVogVvQBh2AwSN4Bq/gzXqyXqx362NRumaVPSfgD6zPH8nTmS8=</latexit>

�in

<latexit sha1_base64="2za4HtNbRn5LgFkm2J6M+L88hw8=">AAACB3icbVDLSsNAFJ34rPEVdSnIYBG6KokU7LLgQpcV7AOaUCbTSTt0ZhJmJkIJ2bnxV9y4UMStv+DOv3HSZqGtB4Y5nHMv994TJowq7brf1tr6xubWdmXH3t3bPzh0jo67Kk4lJh0cs1j2Q6QIo4J0NNWM9BNJEA8Z6YXT68LvPRCpaCzu9SwhAUdjQSOKkTbS0Dnzw5iN1IybL7P9G8Q5Gma+5JCK3M6HTtWtu3PAVeKVpApKtIfOlz+KccqJ0JghpQaem+ggQ1JTzEhu+6kiCcJTNCYDQwXiRAXZ/I4cXhhlBKNYmic0nKu/OzLEVbGqqeRIT9SyV4j/eYNUR80goyJJNRF4MShKGdQxLEKBIyoJ1mxmCMKSml0hniCJsDbR2SYEb/nkVdK9rHuNevOuUW3Vyjgq4BScgxrwwBVogVvQBh2AwSN4Bq/gzXqyXqx362NRumaVPSfgD6zPH8nTmS8=</latexit>
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CN

<latexit sha1_base64="1zzhzeTlo61ATbdHkYG/N/lFJ+k=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSsMtCN66kgn1AE8JkMmmHTmbCzEQoobjxV9y4UMStX+HOv3HSZqGtF4Y5nHMv99wTpowq7Tjf1tr6xubWdmWnuru3f3BoHx33lMgkJl0smJCDECnCKCddTTUjg1QSlISM9MNJu9D7D0QqKvi9nqbET9CI05hipA0V2KdeKFikpon5ci9BeowRg+1ZcBvYNafuzAuuArcENVBWJ7C/vEjgLCFcY4aUGrpOqv0cSU0xI7OqlymSIjxBIzI0kKOEKD+fnzCDF4aJYCykeVzDOft7IkeJKlyazsKkWtYK8j9tmOm46eeUp5kmHC8WxRmDWsAiDxhRSbBmUwMQltR4hXiMJMLapFY1IbjLJ6+C3lXdbdSbd41ayynjqIAzcA4ugQuuQQvcgA7oAgwewTN4BW/Wk/VivVsfi9Y1q5w5AX/K+vwBe1uXbw==</latexit>

Vu,N

<latexit sha1_base64="K2f+HnzHpP92ZRjei7jNb3Gi/dc=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgEDzJaGbjjwIsnmeDmYCslTdMtLE1KkgqzFP8VLx4U8er/4c3/xnTrQTcfhDze+/3IywsSRpV2nG+rsrK6tr5R3axtbe/s7tn7Bz0lUolJFwsmZD9AijDKSVdTzUg/kQTFASP3weSq8O8fiFRU8Ds9TYgXoxGnEcVIG8m3j4aBYKGaxubKen6Wnt/kuW/XnYYzA1wmbknqoETHt7+GocBpTLjGDCk1cJ1EexmSmmJG8towVSRBeIJGZGAoRzFRXjZLn8NTo4QwEtIcruFM/b2RoVgVAc1kjPRYLXqF+J83SHXU8jLKk1QTjucPRSmDWsCiChhSSbBmU0MQltRkhXiMJMLaFFYzJbiLX14mvYuG22y0bpv1tlPWUQXH4AScARdcgja4Bh3QBRg8gmfwCt6sJ+vFerc+5qMVq9w5BH9gff4ADvWVkw==</latexit>

TM

<latexit sha1_base64="P4iLWrPD28Hp9M8JiGQ6E0bhbYw=">AAAB+3icbVDNS8MwHE3n15xfdR69BIfgabQycMeBFy/ChH3BVkqapltYmpQkFUfpv+LFgyJe/Ue8+d+Ybj3o5oOQx3u/H3l5QcKo0o7zbVW2tnd296r7tYPDo+MT+7Q+UCKVmPSxYEKOAqQIo5z0NdWMjBJJUBwwMgzmt4U/fCRSUcF7epEQL0ZTTiOKkTaSb9cngWChWsTmynp+dp/nvt1wms4ScJO4JWmAEl3f/pqEAqcx4RozpNTYdRLtZUhqihnJa5NUkQThOZqSsaEcxUR52TJ7Di+NEsJISHO4hkv190aGYlXEM5Mx0jO17hXif9441VHbyyhPUk04Xj0UpQxqAYsiYEglwZotDEFYUpMV4hmSCGtTV82U4K5/eZMMrptuq9l+aDU6TllHFZyDC3AFXHADOuAOdEEfYPAEnsEreLNy68V6tz5WoxWr3DkDf2B9/gC9G5Tb</latexit>

V',N

<latexit sha1_base64="gtVKONPGDBq/WWjdTeAuljXXSw0=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZRECnZZcONKKtgHNCFMJpN26GQSZiaFEgJu/BU3LhRx60+482+ctFlo64FhDufcy733+AmjUlnWt1FZW9/Y3Kpu13Z29/YPzMOjnoxTgUkXxywWAx9JwignXUUVI4NEEBT5jPT9yU3h96dESBrzBzVLiBuhEachxUhpyTNPHD9mgZxF+st6XuZMkUjG9PIuzz2zbjWsOeAqsUtSByU6nvnlBDFOI8IVZkjKoW0lys2QUBQzktecVJIE4QkakaGmHEVEutn8hhyeayWAYSz04wrO1d8dGYpksaaujJAay2WvEP/zhqkKW25GeZIqwvFiUJgyqGJYBAIDKghWbKYJwoLqXSEeI4Gw0rHVdAj28smrpHfVsJuN1n2z3rbKOKrgFJyBC2CDa9AGt6ADugCDR/AMXsGb8WS8GO/Gx6K0YpQ9x+APjM8f2VmYQA==</latexit>

VN = Vu,N + V',N

<latexit sha1_base64="lAaACFvUNnh9APT1m3T1KfNwuO0=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQlZJIwW6EghtXpYJNC00Ik8mkHTp5MDMplJB/cOOvuHGhiFs37vwbJ20WWj0wzJlz7mXuPV7CqJCG8aVVVlbX1jeqm7Wt7Z3dPX3/wBJxyjHp4ZjFfOAhQRiNSE9Sycgg4QSFHiN9b3JT+P0p4YLG0b2cJcQJ0SiiAcVIKsnVz2wvZr6YherKLLcDr6HlZulFJ4fnBbOniCdjqt65q9eNhjEH/EvMktRBia6rf9p+jNOQRBIzJMTQNBLpZIhLihnJa3YqSILwBI3IUNEIhUQ42XynHJ4oxYdBzNWJJJyrPzsyFIpibFUZIjkWy14h/ucNUxm0nIxGSSpJhBcfBSmDMoZFQNCnnGDJZoogzKmaFeIx4ghLFWNNhWAur/yXWJcNs9lo3TXrbaOMowqOwDE4BSa4Am1wC7qgBzB4AE/gBbxqj9qz9qa9L0orWtlzCH5B+/gGvq2dZw==</latexit>

U Yy Yy YR T
dim 4 64 95 159 16

CN

<latexit sha1_base64="tu6zMsb8u5O//1q5dTSkIAUmDJM=">AAACB3icbVDLSsNAFJ34rPEVdSnIYBFclUQKdlnoxpVUsA9oQphMJu3QySTMTIQSsnPjr7hxoYhbf8Gdf+OkzUJbLwxzOOde7rknSBmVyra/jbX1jc2t7dqOubu3f3BoHR33ZZIJTHo4YYkYBkgSRjnpKaoYGaaCoDhgZBBMO6U+eCBC0oTfq1lKvBiNOY0oRkpTvnXmBgkL5SzWHzRzM3djpCYYMdgp/NvCt+p2w54XXAVOBeqgqq5vfblhgrOYcIUZknLk2KnyciQUxYwUpptJkiI8RWMy0pCjmEgvn99RwAvNhDBKhH5cwTn7eyJHsSyt6s7SpVzWSvI/bZSpqOXllKeZIhwvFkUZgyqBZSgwpIJgxWYaICyo9grxBAmElY7O1CE4yyevgv5Vw2k2WnfNetuu4qiBU3AOLoEDrkEb3IAu6AEMHsEzeAVvxpPxYrwbH4vWNaOaOQF/yvj8ASOYmM0=</latexit>

Vu,N

<latexit sha1_base64="+y6Jy7grSLQWGkGVwjiZt5hkUJc=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgaL4EJKIgW7LLhxJRXsA9oQJpNpO3QyE2YmQgnZ+CtuXCji1s9w5984abPQ1gPDHM65l3vvCRNGlXbdb6uytr6xuVXdtnd29/YPnMOjrhKpxKSDBROyHyJFGOWko6lmpJ9IguKQkV44vSn83iORigr+oGcJ8WM05nREMdJGCpyTYShYpGax+aCd2d0gSy/v8jxwam7dnQOuEq8kNVCiHThfw0jgNCZcY4aUGnhuov0MSU0xI7k9TBVJEJ6iMRkYylFMlJ/ND8jhuVEiOBLSPK7hXP3dkaFYFTuayhjpiVr2CvE/b5DqUdPPKE9STTheDBqlDGoBizRgRCXBms0MQVhSsyvEEyQR1iYz24TgLZ+8SrpXda9Rb943ai23jKMKTsEZuAAeuAYtcAvaoAMwyMEzeAVv1pP1Yr1bH4vSilX2HIM/sD5/AN2OleU=</latexit>

V',N

<latexit sha1_base64="oKOtKbb7pemYUwlzPcnsSdi0Jl0=">AAACBnicbVDLSsNAFJ3UV42vqEsRBovgQkoiBbssuHElFewDmhAmk2k7dJIJM5NCCVm58VfcuFDErd/gzr9x0mahrQeGOZxzL/feEySMSmXb30ZlbX1jc6u6be7s7u0fWIdHXclTgUkHc8ZFP0CSMBqTjqKKkX4iCIoCRnrB5Kbwe1MiJOXxg5olxIvQKKZDipHSkm+dugFnoZxF+oNmZnb9zJ0ikYzp5V2e+1bNrttzwFXilKQGSrR968sNOU4jEivMkJQDx06UlyGhKGYkN91UkgThCRqRgaYxioj0svkZOTzXSgiHXOgXKzhXf3dkKJLFproyQmosl71C/M8bpGrY9DIaJ6kiMV4MGqYMKg6LTGBIBcGKzTRBWFC9K8RjJBBWOjlTh+Asn7xKuld1p1Fv3jdqLbuMowpOwBm4AA64Bi1wC9qgAzB4BM/gFbwZT8aL8W58LEorRtlzDP7A+PwBqV2Ykg==</latexit>

VN

<latexit sha1_base64="yKUVyAHdf1y8vGmdbo662Y/lGSc=">AAAB/nicbVBPS8MwHE3nv1n/VcWTl+AQPI1WBu448OJJJrg52EpJ03QLS5OSpMIoBb+KFw+KePVzePPbmG496OaDkMd7vx95eWHKqNKu+23V1tY3Nrfq2/bO7t7+gXN41Fcik5j0sGBCDkKkCKOc9DTVjAxSSVASMvIQTq9L/+GRSEUFv9ezlPgJGnMaU4y0kQLnZBQKFqlZYi5o53Y/yG+LInAabtOdA64SryINUKEbOF+jSOAsIVxjhpQaem6q/RxJTTEjhT3KFEkRnqIxGRrKUUKUn8/jF/DcKBGMhTSHazhXf2/kKFFlQjOZID1Ry14p/ucNMx23/ZzyNNOE48VDccagFrDsAkZUEqzZzBCEJTVZIZ4gibA2jdmmBG/5y6ukf9n0Ws32XavRcas66uAUnIEL4IEr0AE3oAt6AIMcPINX8GY9WS/Wu/WxGK1Z1c4x+APr8weP55Uw</latexit>

TM

<latexit sha1_base64="FieCaik4TvVfl8t7Aksqyhd2Uak=">AAAB/nicbVDNS8MwHE3n16xfVfHkJTgET6OVgTsOvHgRJuwLtlLSNN3C0qQkqTDKwH/FiwdFvPp3ePO/Md160M0HIY/3fj/y8sKUUaVd99uqbGxube9Ud+29/YPDI+f4pKdEJjHpYsGEHIRIEUY56WqqGRmkkqAkZKQfTm8Lv/9IpKKCd/QsJX6CxpzGFCNtpMA5G4WCRWqWmAvaud0J8vv5PHBqbt1dAK4TryQ1UKIdOF+jSOAsIVxjhpQaem6q/RxJTTEjc3uUKZIiPEVjMjSUo4QoP1/En8NLo0QwFtIcruFC/b2Ro0QVCc1kgvRErXqF+J83zHTc9HPK00wTjpcPxRmDWsCiCxhRSbBmM0MQltRkhXiCJMLaNGabErzVL6+T3nXda9SbD41ayy3rqIJzcAGugAduQAvcgTboAgxy8AxewZv1ZL1Y79bHcrRilTun4A+szx+LT5Ut</latexit>



BAYESIAN SETTING
4 - CONNECTIONS

Joint work with N. Aretz-Nellesen & P. Cheng,
Thanks also to M. Grepl, D. Degen & F. Wellmann



Measurement Data and Noise

with

Observation operator 

Gaussian additive noise

Noise covariance matrix

Parameter-to-observable map

Bayesian Inversion
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We model the measurement data  % to be of the form

d = Lu✓(p) + � = G✓,L(p) + �

<latexit sha1_base64="3evOQfJVyvH6Rlwew/5EGcww8us=">AAACLXicbVDLSgMxFM3UVx1fVZdugkWoKGVGBN0IBQVddKFgtdApQyZza0MzD5I7Qhn6Q278FRFcVMStv2H6WKj1QMjhnHtJzglSKTQ6ztAqzM0vLC4Vl+2V1bX1jdLm1p1OMsWhwROZqGbANEgRQwMFSmimClgUSLgPeucj//4RlBZJfIv9FNoRe4hFR3CGRvJLF16QyFD3I3PldkjPaD3zPewCskq6Tw+oF4JEZvRLP5/oh/UB/enZA79UdqrOGHSWuFNSJlNc+6VXL0x4FkGMXDKtW66TYjtnCgWXMLC9TEPKeI89QMvQmEWg2/k47YDuGSWknUSZEyMdqz83chbpUSAzGTHs6r/eSPzPa2XYOW3nIk4zhJhPHupkkmJCR9XRUCjgKPuGMK6E+SvlXaYYR1OwbUpw/0aeJXdHVfe4enpzXK450zqKZIfskgpxyQmpkStyTRqEkyfyQobk3Xq23qwP63MyWrCmO9vkF6yvb1Qppac=</latexit>

� ⇠ N (0,�2⌃L)

<latexit sha1_base64="hbz60HPYb68cOYGTVCIi7onyD2M="></latexit>

⌃L 2 RM ⇥ RM

<latexit sha1_base64="iAPdV01F1pkx1U+h6oSQZTBM1yU=">AAACJnicbVDLSgMxFM3UVx1foy7dBIvgqsyIYDdCwY0LhfroAzp1yGTSNjTJDElGKEO/xo2/4sZFRcSdn2Km7cK2Xgg5nHMv954TJowq7brfVmFldW19o7hpb23v7O45+wcNFacSkzqOWSxbIVKEUUHqmmpGWokkiIeMNMPBVa43n4lUNBaPepiQDkc9QbsUI22owLn0w5hFasjNl9nQf6A9joIb6FMBfY50Pwyz+9HTLfQ15UTNcfYocEpu2Z0UXAbeDJTArGqBM/ajGKecCI0ZUqrtuYnuZEhqihkZ2X6qSILwAPVI20CBzM5ONrE5gieGiWA3luYJDSfs34kMcZU7MZ35lWpRy8n/tHaqu5VORkWSaiLwdFE3ZVDHMM8MRlQSrNnQAIQlNbdC3EcSYW2StU0I3qLlZdA4K3vn5crdeanqzuIogiNwDE6BBy5AFVyDGqgDDF7AGxiDD+vVerc+ra9pa8GazRyCubJ+fgH38KVs</latexit>

G✓,L : RP ! RM , with G✓,L(p) := Lu✓(p)

<latexit sha1_base64="zqSgk5CHcuOEolfE4wa1PNF/O1U="></latexit>

L = ( l1, ..., lM)T : V ! RM

<latexit sha1_base64="1YghU2uclOAFX6TlHJ9NPDG/g60="></latexit>



Measurement Data and Noise

with

Observation operator 

Gaussian additive noise

Noise covariance matrix

Parameter-to-observable map
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We model the measurement data  % to be of the form

d = Lu✓(p) + � = G✓,L(p) + �

<latexit sha1_base64="3evOQfJVyvH6Rlwew/5EGcww8us=">AAACLXicbVDLSgMxFM3UVx1fVZdugkWoKGVGBN0IBQVddKFgtdApQyZza0MzD5I7Qhn6Q278FRFcVMStv2H6WKj1QMjhnHtJzglSKTQ6ztAqzM0vLC4Vl+2V1bX1jdLm1p1OMsWhwROZqGbANEgRQwMFSmimClgUSLgPeucj//4RlBZJfIv9FNoRe4hFR3CGRvJLF16QyFD3I3PldkjPaD3zPewCskq6Tw+oF4JEZvRLP5/oh/UB/enZA79UdqrOGHSWuFNSJlNc+6VXL0x4FkGMXDKtW66TYjtnCgWXMLC9TEPKeI89QMvQmEWg2/k47YDuGSWknUSZEyMdqz83chbpUSAzGTHs6r/eSPzPa2XYOW3nIk4zhJhPHupkkmJCR9XRUCjgKPuGMK6E+SvlXaYYR1OwbUpw/0aeJXdHVfe4enpzXK450zqKZIfskgpxyQmpkStyTRqEkyfyQobk3Xq23qwP63MyWrCmO9vkF6yvb1Qppac=</latexit>

� ⇠ N (0,�2⌃L)

<latexit sha1_base64="hbz60HPYb68cOYGTVCIi7onyD2M="></latexit>

⌃L 2 RM ⇥ RM

<latexit sha1_base64="iAPdV01F1pkx1U+h6oSQZTBM1yU=">AAACJnicbVDLSgMxFM3UVx1foy7dBIvgqsyIYDdCwY0LhfroAzp1yGTSNjTJDElGKEO/xo2/4sZFRcSdn2Km7cK2Xgg5nHMv954TJowq7brfVmFldW19o7hpb23v7O45+wcNFacSkzqOWSxbIVKEUUHqmmpGWokkiIeMNMPBVa43n4lUNBaPepiQDkc9QbsUI22owLn0w5hFasjNl9nQf6A9joIb6FMBfY50Pwyz+9HTLfQ15UTNcfYocEpu2Z0UXAbeDJTArGqBM/ajGKecCI0ZUqrtuYnuZEhqihkZ2X6qSILwAPVI20CBzM5ONrE5gieGiWA3luYJDSfs34kMcZU7MZ35lWpRy8n/tHaqu5VORkWSaiLwdFE3ZVDHMM8MRlQSrNnQAIQlNbdC3EcSYW2StU0I3qLlZdA4K3vn5crdeanqzuIogiNwDE6BBy5AFVyDGqgDDF7AGxiDD+vVerc+ra9pa8GazRyCubJ+fgH38KVs</latexit>

G✓,L : RP ! RM , with G✓,L(p) := Lu✓(p)

<latexit sha1_base64="zqSgk5CHcuOEolfE4wa1PNF/O1U="></latexit>

L = ( l1, ..., lM)T : V ! RM

<latexit sha1_base64="1YghU2uclOAFX6TlHJ9NPDG/g60="></latexit>

linear in parameter



Hyper-parametrized Bayesian Inverse Model

Given the prior probability density ,  the posterior density is  

Bayesian Inversion
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⇡0

<latexit sha1_base64="goZdCRAbNEnVdWij7/GdqRHuiHU=">AAAB/XicbVDNS8MwHE3n16xf9ePmJTgET6OVgTsOvHic4DZhLSVN0y0sTUqSCrMM/xUvHhTx6v/hzf/GdOtBNx+EPN77/cjLizJGlXbdb6u2tr6xuVXftnd29/YPnMOjvhK5xKSHBRPyPkKKMMpJT1PNyH0mCUojRgbR5Lr0Bw9EKir4nZ5mJEjRiNOEYqSNFDonfiRYrKapuQrbz2jo2rPQabhNdw64SryKNECFbuh8+bHAeUq4xgwpNfTcTAcFkppiRma2nyuSITxBIzI0lKOUqKCYp5/Bc6PEMBHSHK7hXP29UaBUlQHNZIr0WC17pfifN8x10g4KyrNcE44XDyU5g1rAsgoYU0mwZlNDEJbUZIV4jCTC2hRmmxK85S+vkv5l02s127etRset6qiDU3AGLoAHrkAH3IAu6AEMHsEzeAVv1pP1Yr1bH4vRmlXtHIM/sD5/AOMklM8=</latexit>

⇡post( · |d) / ⇡0( · )⇡like(d| · )

<latexit sha1_base64="WNbDh0A5Aw/WFdBzA1ANoFqJyEw="></latexit>



Hyper-parametrized Bayesian Inverse Model

Given the prior probability density ,  the posterior density is  

With additive Gaussian noise, the posterior density is then

Bayesian Inversion
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⇡0

<latexit sha1_base64="goZdCRAbNEnVdWij7/GdqRHuiHU=">AAAB/XicbVDNS8MwHE3n16xf9ePmJTgET6OVgTsOvHic4DZhLSVN0y0sTUqSCrMM/xUvHhTx6v/hzf/GdOtBNx+EPN77/cjLizJGlXbdb6u2tr6xuVXftnd29/YPnMOjvhK5xKSHBRPyPkKKMMpJT1PNyH0mCUojRgbR5Lr0Bw9EKir4nZ5mJEjRiNOEYqSNFDonfiRYrKapuQrbz2jo2rPQabhNdw64SryKNECFbuh8+bHAeUq4xgwpNfTcTAcFkppiRma2nyuSITxBIzI0lKOUqKCYp5/Bc6PEMBHSHK7hXP29UaBUlQHNZIr0WC17pfifN8x10g4KyrNcE44XDyU5g1rAsgoYU0mwZlNDEJbUZIV4jCTC2hRmmxK85S+vkv5l02s127etRset6qiDU3AGLoAHrkAH3IAu6AEMHsEzeAVv1pP1Yr1bH4vRmlXtHIM/sD5/AOMklM8=</latexit>

⇡post( · |d) / ⇡0( · )⇡like(d| · )

<latexit sha1_base64="WNbDh0A5Aw/WFdBzA1ANoFqJyEw="></latexit>

⇡post( · |d) / exp

✓
�

1

2�2
kG✓,L(p) � dk2

⌃�1
L

�
1

2
kpk2

C

◆

<latexit sha1_base64="5+0/v9iFb48phcoiQXSdcLSsLbo="></latexit>



Hyper-parametrized Bayesian Inverse Model

Given the prior probability density ,  the posterior density is  

With additive Gaussian noise, the posterior density is then

Since             is linear, the posterior is Gaussian, with

Bayesian Inversion
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⇡0

<latexit sha1_base64="goZdCRAbNEnVdWij7/GdqRHuiHU=">AAAB/XicbVDNS8MwHE3n16xf9ePmJTgET6OVgTsOvHic4DZhLSVN0y0sTUqSCrMM/xUvHhTx6v/hzf/GdOtBNx+EPN77/cjLizJGlXbdb6u2tr6xuVXftnd29/YPnMOjvhK5xKSHBRPyPkKKMMpJT1PNyH0mCUojRgbR5Lr0Bw9EKir4nZ5mJEjRiNOEYqSNFDonfiRYrKapuQrbz2jo2rPQabhNdw64SryKNECFbuh8+bHAeUq4xgwpNfTcTAcFkppiRma2nyuSITxBIzI0lKOUqKCYp5/Bc6PEMBHSHK7hXP29UaBUlQHNZIr0WC17pfifN8x10g4KyrNcE44XDyU5g1rAsgoYU0mwZlNDEJbUZIV4jCTC2hRmmxK85S+vkv5l02s127etRset6qiDU3AGLoAHrkAH3IAu6AEMHsEzeAVv1pP1Yr1bH4vRmlXtHIM/sD5/AOMklM8=</latexit>

⇡post( · |d) / ⇡0( · )⇡like(d| · )

<latexit sha1_base64="WNbDh0A5Aw/WFdBzA1ANoFqJyEw="></latexit>

m✓,L
post(d) = ⌃✓,L

post

⇣
G⇤

✓,L ⌃�1
L d

⌘

⌃✓,L
post =

✓
1

�2
G⇤

✓,L⌃
�1
L G✓,L + ⌃�1

0

◆�1

<latexit sha1_base64="5N8o/Oin8AeoBxAazYi0enMKS2g="></latexit>

G✓,L

<latexit sha1_base64="8g+cthWqOL370u2AJV3+iJTXJSo=">AAACBXicbVDLSsNAFJ3UV42vqEtdDBbBhZRECnZZcKELFxXsA5pSJtNpO3SSCTM3QgnduPFX3LhQxK3/4M6/cdJmoa0Hhjmccy/33hPEgmtw3W+rsLK6tr5R3LS3tnd295z9g6aWiaKsQaWQqh0QzQSPWAM4CNaOFSNhIFgrGF9lfuuBKc1ldA+TmHVDMoz4gFMCRuo5x34gRV9PQvOl9nUv9WHEgJzfTrE97Tklt+zOgJeJl5MSylHvOV9+X9IkZBFQQbTueG4M3ZQo4FSwqe0nmsWEjsmQdQyNSMh0N51dMcWnRunjgVTmRYBn6u+OlIQ6W9RUhgRGetHLxP+8TgKDajflUZwAi+h80CARGCTOIsF9rhgFMTGEUMXNrpiOiCIUTHC2CcFbPHmZNC/KXqVcvauUam4eRxEdoRN0hjx0iWroBtVRA1H0iJ7RK3qznqwX6936mJcWrLznEP2B9fkDts+YAw==</latexit>

mean

covariance matrix

⇡post( · |d) / exp

✓
�

1

2�2
kG✓,L(p) � dk2

⌃�1
L

�
1

2
kpk2

C

◆

<latexit sha1_base64="5+0/v9iFb48phcoiQXSdcLSsLbo="></latexit>



Objective

Given sensor library

choose observation operator 

so that is uniformly “good” for all hyper-parameters 
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L = {li}K
i=1 of K sensors

<latexit sha1_base64="qg4MD9B3GcMDmGCTkwgV6x3tl+E="></latexit>

L = ( lk1 , ..., lkM ), 1  ki  K

<latexit sha1_base64="XMQqR2rFbdSiqW1CmNMvNg/OdWU="></latexit>

L

<latexit sha1_base64="vQABMxSVp3lMmxtrJnuixPkE1ok=">AAAB+XicbVDLSsNAFL2prxpfUZduBovgqiRSsMuCGxcuKtgHtKFMJpN26GQSZiaFEvonblwo4tY/ceffOGmz0NYDwxzOuZc5c4KUM6Vd99uqbG3v7O5V9+2Dw6PjE+f0rKuSTBLaIQlPZD/AinImaEczzWk/lRTHAae9YHpX+L0ZlYol4knPU+rHeCxYxAjWRho5zjBIeKjmsbly+8FejJyaW3eXQJvEK0kNSrRHztcwTEgWU6EJx0oNPDfVfo6lZoTThT3MFE0xmeIxHRgqcEyVny+TL9CVUUIUJdIcodFS/b2R41gV4cxkjPVErXuF+J83yHTU9HMm0kxTQVYPRRlHOkFFDShkkhLN54ZgIpnJisgES0y0Kcs2JXjrX94k3Zu616g3Hxu1llvWUYULuIRr8OAWWnAPbegAgRk8wyu8Wbn1Yr1bH6vRilXunMMfWJ8/+UaTLw==</latexit>

✓ 2 D

<latexit sha1_base64="RQnqYmofQ5Uzq0JTTTSzBiGnlew=">AAACEHicbVDLSsNAFJ3UV42vqEs3g0V0VRIp2GVBFy4r2Ac0pUym03boZBJmboQS8glu/BU3LhRx69Kdf+OkzUJbLwxzOOde7rkniAXX4LrfVmltfWNzq7xt7+zu7R84h0dtHSWKshaNRKS6AdFMcMlawEGwbqwYCQPBOsH0Otc7D0xpHsl7mMWsH5Kx5CNOCRhq4Jz7QSSGehaaL7V9mDAg2OcSp35IYEKJSG+yzM4GTsWtuvPCq8ArQAUV1Rw4X/4woknIJFBBtO55bgz9lCjgVLDM9hPNYkKnZMx6BkoSMt1P5wdl+MwwQzyKlHkS8Jz9PZGSUOeeTWfuUi9rOfmf1ktgVO+nXMYJMEkXi0aJwBDhPB085IpREDMDCFXceMV0QhShYDK0TQje8smroH1Z9WrV+l2t0nCLOMroBJ2iC+ShK9RAt6iJWoiiR/SMXtGb9WS9WO/Wx6K1ZBUzx+hPWZ8/6fidGA==</latexit>



Objective

Given sensor library

choose observation operator 

so that is uniformly “good” for all hyper-parameters 

(Bayesian) Optimal Experimental Design

OED … [UCINSKI, ’04], [PATAN, ’04], [ATKINSON, DONEV & TOBIAS, ’07]               
[RANIERI, CHEBIRA & VETTERLI, ’14], [HERZOG, RIEDEL & UCINSKI, ’17] …

OED in the Bayesian setting … [BERGER & PERICCHI, ’01], [RYAN, DROVANDI, McGREE & PETTITT, ’16]    
[AGGARWAL, DEMKOWICZ, MARZOUK, ’14], [ALEXANDERIAN, GLOOR & GHATTAS, ’16] 
[ALEXANDERIAN, PETRA, STADLER, & GHATTAS, ’16], [WALSH, WILDEY, JAKEMAN, ’17] …

OED + MOR … [ALONSO, FROUZAKIS, KEVREKIDIS, ’04], [BINEV, COHEN, MULA & NICHOLS, ’18] 
[BENNER, HERZOG, LANG, RIEDEL & SAAK, ’19], [MADAY, PATERA, PENN & YANO, ’14/’15]              

[MADAY & TADDEI ’19], [HAMMOND, CHAKIR, BOURQUIN & MADAY ’19] …
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L = {li}K
i=1 of K sensors

<latexit sha1_base64="qg4MD9B3GcMDmGCTkwgV6x3tl+E="></latexit>

L = ( lk1 , ..., lkM ), 1  ki  K

<latexit sha1_base64="XMQqR2rFbdSiqW1CmNMvNg/OdWU="></latexit>

L

<latexit sha1_base64="vQABMxSVp3lMmxtrJnuixPkE1ok=">AAAB+XicbVDLSsNAFL2prxpfUZduBovgqiRSsMuCGxcuKtgHtKFMJpN26GQSZiaFEvonblwo4tY/ceffOGmz0NYDwxzOuZc5c4KUM6Vd99uqbG3v7O5V9+2Dw6PjE+f0rKuSTBLaIQlPZD/AinImaEczzWk/lRTHAae9YHpX+L0ZlYol4knPU+rHeCxYxAjWRho5zjBIeKjmsbly+8FejJyaW3eXQJvEK0kNSrRHztcwTEgWU6EJx0oNPDfVfo6lZoTThT3MFE0xmeIxHRgqcEyVny+TL9CVUUIUJdIcodFS/b2R41gV4cxkjPVErXuF+J83yHTU9HMm0kxTQVYPRRlHOkFFDShkkhLN54ZgIpnJisgES0y0Kcs2JXjrX94k3Zu616g3Hxu1llvWUYULuIRr8OAWWnAPbegAgRk8wyu8Wbn1Yr1bH6vRilXunMMfWJ8/+UaTLw==</latexit>

✓ 2 D

<latexit sha1_base64="RQnqYmofQ5Uzq0JTTTSzBiGnlew=">AAACEHicbVDLSsNAFJ3UV42vqEs3g0V0VRIp2GVBFy4r2Ac0pUym03boZBJmboQS8glu/BU3LhRx69Kdf+OkzUJbLwxzOOde7rkniAXX4LrfVmltfWNzq7xt7+zu7R84h0dtHSWKshaNRKS6AdFMcMlawEGwbqwYCQPBOsH0Otc7D0xpHsl7mMWsH5Kx5CNOCRhq4Jz7QSSGehaaL7V9mDAg2OcSp35IYEKJSG+yzM4GTsWtuvPCq8ArQAUV1Rw4X/4woknIJFBBtO55bgz9lCjgVLDM9hPNYkKnZMx6BkoSMt1P5wdl+MwwQzyKlHkS8Jz9PZGSUOeeTWfuUi9rOfmf1ktgVO+nXMYJMEkXi0aJwBDhPB085IpREDMDCFXceMV0QhShYDK0TQje8smroH1Z9WrV+l2t0nCLOMroBJ2iC+ShK9RAt6iJWoiiR/SMXtGb9WS9WO/Wx6K1ZBUzx+hPWZ8/6fidGA==</latexit>



(Some) Bayesian OED Criteria 

For given ,   , let         be the eigenvalues of              with orthonormal eigenvectors,     ,                        

• A-Optimality minimizes the mean axis of the uncertainty ellipsoid

• D-Optimality minimizes the volume of the uncertainty ellipsoid
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⌃✓,L
post

<latexit sha1_base64="ys7S2AJ3VW6lxL3hGFeGkzBu044=">AAACGXicbVDLSsNAFJ34rPEVdekmWAQXUpJSsMuCGxcuKtoHNLVMppN26CQTZm6EEvIbbvwVNy4Ucakr/8ZpmoW2XhjmcM693HOPH3OmwHG+jZXVtfWNzdKWub2zu7dvHRy2lUgkoS0iuJBdHyvKWURbwIDTbiwpDn1OO/7kcqZ3HqhUTER3MI1pP8SjiAWMYNDUwHI8X/Chmob6S03vlo1CfJ96MKaAz6+zQeqFGMYqSGOhIMvMbGCVnYqTl70M3AKUUVHNgfXpDQVJQhoB4VipnuvE0E+xBEY4zUwvUTTGZIJHtKdhhEOq+ml+WWafamZoB0LqF4Gds78nUhyqmXndmftc1Gbkf1ovgaDeT1kUJ0AjMl8UJNwGYc9isodMUgJ8qgEmkmmvNhljiQnoME0dgrt48jJoVyturVK/qZUb1SKOEjpGJ+gMuegCNdAVaqIWIugRPaNX9GY8GS/Gu/Exb10xipkj9KeMrx81R6Gm</latexit>

si

<latexit sha1_base64="+9FufIno53V5nH1POeQcFxIH+Q4=">AAAB+3icbVDNS8MwHE39nPWrzqOX4BA8jXYM3HHgxeME9wFbKWmabmFpUpJUHKX/ihcPinj1H/Hmf2O69aCbD0Ie7/1+5OWFKaNKu+63tbW9s7u3XzuwD4+OT06ds/pAiUxi0seCCTkKkSKMctLXVDMySiVBScjIMJzflv7wkUhFBX/Qi5T4CZpyGlOMtJECpz4JBYvUIjFXbquA2kXgNNymuwTcJF5FGqBCL3C+JpHAWUK4xgwpNfbcVPs5kppiRgp7kimSIjxHUzI2lKOEKD9fZi/glVEiGAtpDtdwqf7eyFGiynhmMkF6pta9UvzPG2c67vg55WmmCcerh+KMQS1gWQSMqCRYs4UhCEtqskI8QxJhbeqyTQne+pc3yaDV9NrNzn270W1VddTABbgE18ADN6AL7kAP9AEGT+AZvII3q7BerHfrYzW6ZVU75+APrM8fu9GUNA==</latexit>

↵i

<latexit sha1_base64="JaHggYv5P3LPa9XPdDQVFHHLxig=">AAACAHicbVDLSsNAFJ34rPEVdeHCzWARXJWkFOyy4MZlBfuAJoTJZNIOncyEmYlQQjf+ihsXirj1M9z5N07aLLT1wDCHc+7l3nuijFGlXffb2tjc2t7Zre3Z+weHR8fOyWlfiVxi0sOCCTmMkCKMctLTVDMyzCRBacTIIJrelv7gkUhFBX/Qs4wEKRpzmlCMtJFC59yPBIvVLDVfYfuIZRMUUnseOnW34S4A14lXkTqo0A2dLz8WOE8J15ghpUaem+mgQFJTzMjc9nNFMoSnaExGhnKUEhUUiwPm8MooMUyENI9ruFB/dxQoVeWOpjJFeqJWvVL8zxvlOmkHBeVZrgnHy0FJzqAWsEwDxlQSrNnMEIQlNbtCPEESYW0ys00I3urJ66TfbHitRvu+Ve80qzhq4AJcgmvggRvQAXegC3oAgzl4Bq/gzXqyXqx362NZumFVPWfgD6zPH4smllU=</latexit>

L ✓

<latexit sha1_base64="3tCc+pStyxGGF2VyMBf59vEygEc=">AAACAXicbVDLSsNAFJ34rPEVdSO4GSyCq5KUgl0W3LhwUcE+oAllMpm0QycPZm6EEurGX3HjQhG3/oU7/8ZJm4W2HhjmcM693HuPnwquwLa/jbX1jc2t7cqOubu3f3BoHR13VZJJyjo0EYns+0QxwWPWAQ6C9VPJSOQL1vMn14Xfe2BS8SS+h2nKvIiMYh5ySkBLQ+vU9RMRqGmkv9y8dbELYwbEnA2tql2z58CrxClJFZVoD60vN0hoFrEYqCBKDRw7BS8nEjgVbGa6mWIpoRMyYgNNYxIx5eXzC2b4QisBDhOpXwx4rv7uyEmkiiV1ZURgrJa9QvzPG2QQNr2cx2kGLKaLQWEmMCS4iAMHXDIKYqoJoZLrXTEdE0ko6NBMHYKzfPIq6dZrTqPWvGtUW/Uyjgo6Q+foEjnoCrXQDWqjDqLoET2jV/RmPBkvxrvxsShdM8qeE/QHxucPzoSWbw==</latexit>

i = 1, ..., P

<latexit sha1_base64="N7xlWaonJ7Uod21s7W4reod/rZI=">AAACAXicbVDLSgMxFM34rONr1I3gJlgEF2WYKQW7EQpuXFawD2iHkslk2tBMMiQZoQx146+4caGIW//CnX9j2s5CWw+EHM65l3vvCVNGlfa8b2ttfWNza7u0Y+/u7R8cOkfHbSUyiUkLCyZkN0SKMMpJS1PNSDeVBCUhI51wfDPzOw9EKir4vZ6kJEjQkNOYYqSNNHBO+6FgkZok5stteu1XXNetNO3pwCl7rjcHXCV+QcqgQHPgfPUjgbOEcI0ZUqrne6kOciQ1xYxM7X6mSIrwGA1Jz1COEqKCfH7BFF4YJYKxkOZxDefq744cJWq2pKlMkB6pZW8m/uf1Mh3Xg5zyNNOE48WgOGNQCziLA0ZUEqzZxBCEJTW7QjxCEmFtQrNNCP7yyaukXXX9mlu/q5Ub1SKOEjgD5+AS+OAKNMAtaIIWwOARPINX8GY9WS/Wu/WxKF2zip4T8AfW5w/6yZU+</latexit>

min trace(⌃✓,L
post) =

PX

i=1

↵i

<latexit sha1_base64="1/UWfHZmi8863LslmGh6jlrrhsU="></latexit>

min det(⌃✓,L
post) =

PY

i=1

↵i

<latexit sha1_base64="ZqTMwq1KtilIqzjJ15i48FDZHsE="></latexit>



Eigenvalue Upper Bound

For                            ,  we can show that

with norm equivalence constant

parameter subspace

variability coefficient

observability coefficient
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i = 1, ...,M

<latexit sha1_base64="oSEAtKHRV9Q0XMKSSgZprE8fWxE=">AAACAXicbVDLSsNAFJ3UV42vqBvBTbAILkpISsFuhIIbN0IF+4A2lMlk0g6dzISZiVBC3fgrblwo4ta/cOffOGmz0NYDwxzOuZd77wkSSqRy3W+jtLa+sblV3jZ3dvf2D6zDo47kqUC4jTjlohdAiSlhuK2IoriXCAzjgOJuMLnO/e4DFpJwdq+mCfZjOGIkIggqLQ2tk0HAaSinsf4yk1x5VcdxqrfmbGhVXMedw14lXkEqoEBraH0NQo7SGDOFKJSy77mJ8jMoFEEUz8xBKnEC0QSOcF9TBmMs/Wx+wcw+10poR1zox5Q9V393ZDCW+ZK6MoZqLJe9XPzP66cqavgZYUmqMEOLQVFKbcXtPA47JAIjRaeaQCSI3tVGYyggUjo0U4fgLZ+8Sjo1x6s7jbt6pVkr4iiDU3AGLoAHLkET3IAWaAMEHsEzeAVvxpPxYrwbH4vSklH0HIM/MD5/APY3lTs=</latexit>

�
⌃�1

0
:= inf

p2RM

kpk
⌃�1

0

kpkRM

<latexit sha1_base64="XXvqMREE6aoDn6MOm9nC8nnpnfA="></latexit>

X?
✓ := {p 2 RM : u✓(p) = 0}?

<latexit sha1_base64="luIGOcmWlj1aRbls5a/8xTC0KHQ="></latexit>

⌘2
X?

✓ ,✓ := inf
p2X?

✓

ku✓(p)kV

kpkC
� 0

<latexit sha1_base64="YqEXhiR5O95NwlZ1dSwK6LU2IBg="></latexit>

↵i 
✓

1

�2
�2
L,✓⌘

2
X?

✓ ,✓k⇧X?
✓
sik2

RM + �2
⌃�1

0

◆�1

<latexit sha1_base64="yq65NiFyAo5IU5H1ZgNEvVW+PHY="></latexit>

�L,✓ := inf
p2X?

✓

kLu✓(p)k⌃�1
L

ku✓(p)kV

<latexit sha1_base64="eiqWj8RdGIx+IKeYXa3q/nOsUPs="></latexit>



Eigenvalue Upper Bound

For                            ,  we can show that

with norm equivalence constant

parameter subspace

variability coefficient

observability coefficient
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i = 1, ...,M

<latexit sha1_base64="oSEAtKHRV9Q0XMKSSgZprE8fWxE=">AAACAXicbVDLSsNAFJ3UV42vqBvBTbAILkpISsFuhIIbN0IF+4A2lMlk0g6dzISZiVBC3fgrblwo4ta/cOffOGmz0NYDwxzOuZd77wkSSqRy3W+jtLa+sblV3jZ3dvf2D6zDo47kqUC4jTjlohdAiSlhuK2IoriXCAzjgOJuMLnO/e4DFpJwdq+mCfZjOGIkIggqLQ2tk0HAaSinsf4yk1x5VcdxqrfmbGhVXMedw14lXkEqoEBraH0NQo7SGDOFKJSy77mJ8jMoFEEUz8xBKnEC0QSOcF9TBmMs/Wx+wcw+10poR1zox5Q9V393ZDCW+ZK6MoZqLJe9XPzP66cqavgZYUmqMEOLQVFKbcXtPA47JAIjRaeaQCSI3tVGYyggUjo0U4fgLZ+8Sjo1x6s7jbt6pVkr4iiDU3AGLoAHLkET3IAWaAMEHsEzeAVvxpPxYrwbH4vSklH0HIM/MD5/APY3lTs=</latexit>

�
⌃�1

0
:= inf

p2RM

kpk
⌃�1

0

kpkRM

<latexit sha1_base64="XXvqMREE6aoDn6MOm9nC8nnpnfA="></latexit>

X?
✓ := {p 2 RM : u✓(p) = 0}?

<latexit sha1_base64="luIGOcmWlj1aRbls5a/8xTC0KHQ="></latexit>

⌘2
X?

✓ ,✓ := inf
p2X?

✓

ku✓(p)kV

kpkC
� 0

<latexit sha1_base64="YqEXhiR5O95NwlZ1dSwK6LU2IBg="></latexit>

�L,✓ := inf
p2X?

✓

kLu✓(p)k⌃�1
L

ku✓(p)kV

<latexit sha1_base64="eiqWj8RdGIx+IKeYXa3q/nOsUPs="></latexit>

↵i 
✓

1

�2
�2
L,✓⌘

2
X?

✓ ,✓k⇧X?
✓
sik2

RM + �2
⌃�1

0

◆�1

<latexit sha1_base64="yq65NiFyAo5IU5H1ZgNEvVW+PHY="></latexit>



Eigenvalue Upper Bound

For                            ,  we can show that

with norm equivalence constant

parameter subspace

variability coefficient

observability coefficient
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i = 1, ...,M

<latexit sha1_base64="oSEAtKHRV9Q0XMKSSgZprE8fWxE=">AAACAXicbVDLSsNAFJ3UV42vqBvBTbAILkpISsFuhIIbN0IF+4A2lMlk0g6dzISZiVBC3fgrblwo4ta/cOffOGmz0NYDwxzOuZd77wkSSqRy3W+jtLa+sblV3jZ3dvf2D6zDo47kqUC4jTjlohdAiSlhuK2IoriXCAzjgOJuMLnO/e4DFpJwdq+mCfZjOGIkIggqLQ2tk0HAaSinsf4yk1x5VcdxqrfmbGhVXMedw14lXkEqoEBraH0NQo7SGDOFKJSy77mJ8jMoFEEUz8xBKnEC0QSOcF9TBmMs/Wx+wcw+10poR1zox5Q9V393ZDCW+ZK6MoZqLJe9XPzP66cqavgZYUmqMEOLQVFKbcXtPA47JAIjRaeaQCSI3tVGYyggUjo0U4fgLZ+8Sjo1x6s7jbt6pVkr4iiDU3AGLoAHLkET3IAWaAMEHsEzeAVvxpPxYrwbH4vSklH0HIM/MD5/APY3lTs=</latexit>

�
⌃�1

0
:= inf

p2RM

kpk
⌃�1

0

kpkRM

<latexit sha1_base64="XXvqMREE6aoDn6MOm9nC8nnpnfA="></latexit>

X?
✓ := {p 2 RM : u✓(p) = 0}?

<latexit sha1_base64="luIGOcmWlj1aRbls5a/8xTC0KHQ="></latexit>

⌘2
X?

✓ ,✓ := inf
p2X?

✓

ku✓(p)kV

kpkC
� 0

<latexit sha1_base64="YqEXhiR5O95NwlZ1dSwK6LU2IBg="></latexit>

�L,✓ := inf
p2X?

✓

kLu✓(p)k⌃�1
L

ku✓(p)kV

<latexit sha1_base64="eiqWj8RdGIx+IKeYXa3q/nOsUPs="></latexit>

• non-decreasing for all 2
with expanding L

• greedy-OMP algorithm
• model order reduction

↵i 
✓

1

�2
�2
L,✓⌘

2
X?

✓ ,✓k⇧X?
✓
sik2

RM + �2
⌃�1

0

◆�1

<latexit sha1_base64="yq65NiFyAo5IU5H1ZgNEvVW+PHY="></latexit>
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Geophysics Example 

Wellmann and Reid, “Basin-scale Geothermal Model Calibration: Experience from the Perth Basin, Australia”, Energy Procedia, 59:382-389, 2014.

0RWLYDWLRQ

:HOOPDQQ -�)�� 5HLG /�%��

%DVLQ�VFDOH *HRWKHUPDO 0RGHO &DOLEUDWLRQ� ([SHULHQFH IURP WKH 3HUWK %DVLQ� $XVWUDOLD�

(QHUJ\ 3URFHGLD� 9ROXPH ��� ����� 3DJHV �������� &UHDWLYH &RPPRQV OLFHQVH && %<�1&�1'

� RI �� 6HQVRU 6HOHFWLRQ IRU %D\HVLDQ ,QYHUVH 3UREOHPV DQG 'DWD $VVLPLODWLRQ YLD
'LPHQVLRQ 5HGXFWLRQ
1LFROH $UHW]�1HOOHVHQ _ QHOOHVHQ#DLFHV�UZWK�DDFKHQ�GH _ 5:7+ $DFKHQ
9LUWXDO ,&(50 ZRUNVKRS _ 0DUFK ��� ����

Modern 

Inverse 

Problems
M P

i

Perth Basin
• Model: heat diffusion

• Hyper-parameters: conductivities

• Parameters: boundary condition

[Figure courtesy of F. Wellmann (RWTH Aachen)]
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Geophysics Example 

Work in collaboration with D. Degen & F. Wellmann

6HQVRU 6HOHFWLRQ 5HVXOWV IRU WKH 3HUWK %DVLQ PRGHO

3HUWK %DVLQ 0RGHO� QRQ�GLPHQVLRQDOL]HG H[FHUSW

)LJXUH �� 1RQ�GLPHQVLRQDOL]HG H[FHUSW RI WKH 3HUWK %DVLQ PRGHO ZLWK JHRORJLFDO OD\HUV DQG WKHUPDO FRQGXFWLYLWLHV� )( GLPHQVLRQ� �������
,PDJH FRXUWHV\� 'HQLVH 'HJHQ

�� RI �� 6HQVRU 6HOHFWLRQ IRU %D\HVLDQ ,QYHUVH 3UREOHPV DQG 'DWD $VVLPLODWLRQ YLD
'LPHQVLRQ 5HGXFWLRQ
1LFROH $UHW]�1HOOHVHQ _ QHOOHVHQ#DLFHV�UZWK�DDFKHQ�GH _ 5:7+ $DFKHQ
9LUWXDO ,&(50 ZRUNVKRS _ 0DUFK ��� ����

Modern 

Inverse 

Problems
M P

i

Perth Basin
• Model: heat diffusion

• Hyper-parameters: conductivities

• Parameters: boundary condition
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Geophysics Example 

Work in collaboration with D. Degen & F. Wellmann

6HQVRU 6HOHFWLRQ 5HVXOWV IRU WKH 3HUWK %DVLQ PRGHO

3HUWK %DVLQ 0RGHO� QRQ�GLPHQVLRQDOL]HG H[FHUSW

)LJXUH �� 1RQ�GLPHQVLRQDOL]HG H[FHUSW RI WKH 3HUWK %DVLQ PRGHO ZLWK JHRORJLFDO OD\HUV DQG WKHUPDO FRQGXFWLYLWLHV� )( GLPHQVLRQ� �������
,PDJH FRXUWHV\� 'HQLVH 'HJHQ

�� RI �� 6HQVRU 6HOHFWLRQ IRU %D\HVLDQ ,QYHUVH 3UREOHPV DQG 'DWD $VVLPLODWLRQ YLD
'LPHQVLRQ 5HGXFWLRQ
1LFROH $UHW]�1HOOHVHQ _ QHOOHVHQ#DLFHV�UZWK�DDFKHQ�GH _ 5:7+ $DFKHQ
9LUWXDO ,&(50 ZRUNVKRS _ 0DUFK ��� ����

Modern 
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Sensor Library
• 47 x 47 grid of holes, 5 depths, 

• total of 11,045 possible sensors

• only one measurement per hole

Noise covariance function
• provided by geophysicists, 

computed from measurements

• high correlation between

different sensors
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Geophysics Example 

Work in collaboration with D. Degen & F. Wellmann

6HQVRU 6HOHFWLRQ 5HVXOWV IRU WKH 3HUWK %DVLQ PRGHO

3HUWK %DVLQ 0RGHO� QRQ�GLPHQVLRQDOL]HG H[FHUSW

)LJXUH �� 1RQ�GLPHQVLRQDOL]HG H[FHUSW RI WKH 3HUWK %DVLQ PRGHO ZLWK JHRORJLFDO OD\HUV DQG WKHUPDO FRQGXFWLYLWLHV� )( GLPHQVLRQ� �������
,PDJH FRXUWHV\� 'HQLVH 'HJHQ

�� RI �� 6HQVRU 6HOHFWLRQ IRU %D\HVLDQ ,QYHUVH 3UREOHPV DQG 'DWD $VVLPLODWLRQ YLD
'LPHQVLRQ 5HGXFWLRQ
1LFROH $UHW]�1HOOHVHQ _ QHOOHVHQ#DLFHV�UZWK�DDFKHQ�GH _ 5:7+ $DFKHQ
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Sensor selection
• 6 hyper-parameters, 5 parameters

• RB space of dimension 92 

• offline time of 52 min

• relative target accuracy of 1%     

over random training set of          

4E5 hyper-parameters

• choose 10 sensors from library

• min observability coefficient of 0.47
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Observability coefficient and eigenvalues

6HQVRU 6HOHFWLRQ 5HVXOWV IRU WKH 3HUWK %DVLQ PRGHO

6HQVRU VHOHFWLRQ DOJRULWKP� REVHUYDELOLW\ FRHIILFLHQW DQG HLJHQYDOXHV

)LJXUH �� 2EVHUYDELOLW\ FRHIIFLHQW ZLWK QXPEHU RI VHOHFWHG VHQVRUV )LJXUH �� (LJHQYDOXHV RI WKH SRVWHULRU FRYDULDQFH PDWUL[ IRU D UHIHUHQFH
K\SHU�SDUDPHWHU� FRPSDUHG WR �� VHWV RI �� UDQGRPO\ FKRVHQ VHQVRU
SRVLWLRQV

�� RI �� 6HQVRU 6HOHFWLRQ IRU %D\HVLDQ ,QYHUVH 3UREOHPV DQG 'DWD $VVLPLODWLRQ YLD
'LPHQVLRQ 5HGXFWLRQ
1LFROH $UHW]�1HOOHVHQ _ QHOOHVHQ#DLFHV�UZWK�DDFKHQ�GH _ 5:7+ $DFKHQ
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Bayesian A- and D-optimality Criteria

6HQVRU 6HOHFWLRQ 5HVXOWV IRU WKH 3HUWK %DVLQ PRGHO

6HQVRU VHOHFWLRQ DOJRULWKP� %D\HVLDQ $� DQG '�2(' FULWHULD

)LJXUH �� 7UDFH RI WKH SRVWHULRU FRYDULDQFH PDWUL[ IRU D UHIHUHQFH
K\SHU�SDUDPHWHU� FRPSDUHG WR VHWV RI UDQGRPO\ FKRVHQ VHQVRU SRVLWLRQV

)LJXUH �� 'HWHUPLQDQW RI WKH SRVWHULRU FRYDULDQFH PDWUL[ IRU D UHIHUHQFH
K\SHU�SDUDPHWHU� FRPSDUHG WR VHWV RI UDQGRPO\ FKRVHQ VHQVRU SRVLWLRQV

�� RI �� 6HQVRU 6HOHFWLRQ IRU %D\HVLDQ ,QYHUVH 3UREOHPV DQG 'DWD $VVLPLODWLRQ YLD
'LPHQVLRQ 5HGXFWLRQ
1LFROH $UHW]�1HOOHVHQ _ QHOOHVHQ#DLFHV�UZWK�DDFKHQ�GH _ 5:7+ $DFKHQ
9LUWXDO ,&(50 ZRUNVKRS _ 0DUFK ��� ����
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Sensor Selection

6HQVRU 6HOHFWLRQ 5HVXOWV IRU WKH 3HUWK %DVLQ PRGHO

´7UXH´ 6WDWH

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Y [-]

00.20.40.60.81
Z [-]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Y [-]

00.20.40.60.81
Z [-]

0.51

0.61

0.71

0.81

0.50

0.91
Temperature [-]

x = 0.2443

)LJXUH �� ORZHU OD\HU ZLWK VHQVRUV

x = 0.266

)LJXUH �� XSSHU OD\HU ZLWK VHQVRUV

+\SHU�3DUDPHWHU� θUHI ≈ (�.��,�.�,�.��,�.��,�.��,�.��)
%RWWRP %RXQGDU\ &RQGLWLRQ� J(\,]) ≈ ��.�� + �.��\
)( GLPHQVLRQ� ���������

�� RI �� 6HQVRU 6HOHFWLRQ IRU %D\HVLDQ ,QYHUVH 3UREOHPV DQG 'DWD $VVLPLODWLRQ YLD
'LPHQVLRQ 5HGXFWLRQ
1LFROH $UHW]�1HOOHVHQ _ QHOOHVHQ#DLFHV�UZWK�DDFKHQ�GH _ 5:7+ $DFKHQ
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Bottom-most layer with sensors Top-most layer with sensors
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Summary

• Considered physical systems governed by hyper-parametrized PDEs
• Built on variational data assimilation methods to estimate state, unknown parameters
• Through a stability analysis, developed framework for optimal sensor placement
• Used reduced order models to significantly reduce computational cost
• Extended and applied framework to Bayesian problem in geophysics
• Explored connections to A- and D-optimality

Outlook

• Extend to cases with nonlinear parameter-to-observable maps 
• Extend to parabolic case, multi-scale problems, high-dimensional parameters, …


