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via Projection-based Model Order Reduction

Bayesian Setting



1 - MODEL

PARAMETRIZED PDEs




Parametrized PDEs

Model

Find u in V such that
a(u,v) = f(v) VveV
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Parametrized PDEs

Model
Find u in V such that

a(u,v) = f(v)

where the space V is equipped with

inner product (5)v

1
norm || ) ||V — ('v )x2/

10

YveV



Parametrized PDEs

Parametrized Model

Find u(0) in V such that

11

a(u(0),v;0) = f(v) VoeV
where the space V is equipped with
inner product (5)v
1
norm |- llv = (, )x2/

and the hyper-parameter, 0 € D, represents variabilities or uncertainties.
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Parametrized PDEs

Example

Geology
E‘- : . 6 8 10 12 14
x
o4
£\
o
o

Perth Basin

Model: heat conduction

- Hyper-parameters: conductivities
9

Study Area

[Figure courtesy of F. Wellmann (RWTH Aachen)]
Wellmann and Reid, “Basin-scale Geothermal Model Calibration: Experience from the Perth Basin, Australia”, Energy Procedia, 59:382-389, 2014.



Parametrized PDEs

Parametrized Model
Find u(0) in V such that
a(u(0),v;0) = f(v) VoeV

solution u(@) for some 6@ in D

vV

high-dimensional
(FE) solution space
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Parametrized PDEs

Parametrized Model
Find u(0) in V such that
a(u(0),v;0) = f(v) VoeV

solution manifold

/M:z {u(0) : 0 € D}

N (’\/\
\J v

5~
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Parametrized PDEs

Parametrized Model
For @ € D, find u(0) in V such that
a(u(0),v;0) = f(v) VvoevV

Vn

T

space that
M approximates M
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Parametrized PDEs

Parametrized Model
Find u(0) in V such that
a(u(0),v;0) = f(v) VoeV

error
£(u(6), Vy) __|

16

For each 0 € D, the error is

e(u(d),Vy) = vigiN |lu(@) — vl

(see, e.g., [COHEN & DEVORE, "15])



Parametrized PDEs

Parametrized Model

Find u(0) in V such that

a(u(6),v;0) = f(v) VoevV
For each 0 € D, the error is
Vy
e(u(9),Vy) = vigiN lu(8) — vl
M
The error on M is then
N v E(M,Vy) = sup £u(6),Vy)
\ largest error o€ep
E(M,Vy)

(see, e.g., [COHEN & DEVORE, "15])
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Parametrized PDEs

Parametrized Model

Find u(0) in V such that

a(u(6),v;0) = f(v) VoevV
For each 0 € D, the error is
Vi
e(u(9),Vy) = vigiN lu(8) — vl

xy The error on M is then
‘ 4 E(M' VN) = Ssup E(u(e), VN)

\ largest error o€ep

E(M,Vy)

(see, e.g., [COHEN & DEVORE, "15])
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2 - MODEL + DATA

DATA ASSIMILATION




pPDEs and Least Squares

Method of Least Squares

Given observations d = L(uy) + 6 € RM  find the state u* € M such that

true state/ u* = arg min ||L(’U») — d”2
“u-true” ueM ‘

20



pPDEs and Least Squares

Method of Least Squares

Given observations d = L(uy) + 6 € RM  find the state u* € M such that

/

true state u* = arg min ||L(u) — d||?
s min [IL(u) — d]

Remarks
e Let L(uw) = [l1(w), I, (W), ..., l;(w), ... lyy(w) ]T represent M measurements
*  How do we choose the norm, ||v||3 = vTZ v ?
* Standard choiceis Z = C‘l, where C is the observation error covariance matrix

* Here, we choose Z such that we measure the observable distance between u and ut

21



pPDEs and Least Squares

Given the measurement functionals [;, let Ty < V be the measurement space of observable states:

Ty :=span{ 7, 1=1,.... M } =span{ p;, it =1,.... M }

J Riesz representers J

of the measurement functionals

orthonormal basis

where

l;(v) = (pi,v)v VveV
[BENNETT, '85]
[MADAY, PATERA, PENN & YANO, '14]

[MOORE, ARANGO, EDWARDS, ’17]
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pPDEs and Least Squares

Given the measurement functionals [;, let Ty < V be the measurement space of observable states:

Ty :=span{ 7, 1=1,.... M } =span{ p;, it =1,.... M }

J Riesz representers J

of the measurement functionals

orthonormal basis

where
l;(v) = (pi,v)v VveV
[BENNETT, ’85]
[MADAY, PATERA, PENN & YANO, '14]
[MOORE, ARANGO, EDWARDS, '17]
By letting

Zi_jl = (Pjs Pi)v
it can be shown that

IL(u) — dliz = [Tz, (u — ue)ly,

23



pPDEs and Least Squares

Method of Least Squares

Given (perfect) observations
d=L(u) € RM
find u* € M such that

u" =arg min [|L(u) — d||

24
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pPDEs and Least Squares

Method of Least Squares

Given (perfect) observations
d=L(u) € RM
find u* € M such that

u" =arg min [|L(u) — d||

<7

/ space

ATm

measurement

VN
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pPDEs and Least Squares

Method of Least Squares

Given (perfect) observations
d=L(u) € RM
find u* € M such that

u" =arg min [|L(u) — d||

<7

measurement

/ space

ATm

HTM Ut
[ ]

VN




pPDEs and Least Squares

Method of Least Squares

measurement
Given (perfect) observations

d=Lu) € RM
find u* € M such that

*

u" =arg min [|L(u) — d||

space of all states that
agree with the data

27



pPDEs and Least Squares

Method of Least Squares

measurement
Given (perfect) observations

d=Lu) € RM
find u* € M such that

*

u" =arg min [|L(u) — d||

space of all states that
agree with the data
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pPDEs and Least Squares

Method of Least Squares

Given (perfect) observations
d=L(u) € RM
find u* € M such that

*

u" =arg min [|L(u) — d||

Remark:

* computational expense

29

measurement

space of all states that
agree with the data



pPDEs and Least Squares

Method of Least Squares

Given (perfect) observations
d=L(u) € RM
find uy € Vy such that

uly =arg min | L(w) - d|l}

Remark:
* computational expense
* replace M by low-dimensional V

= Parametrized Background Data Weak Method

30

measurement

space of all states that
agree with the data



pPDEs and Least Squares

Parametrized Background Data Weak Formulation

measurement

Find z3, given by

arg_inf [|Tlr, (= — u0)]|?

[MADAY, PATERA, PENN & YANO, "14]

space of all states that
agree with the data

31



pPDEs and Least Squares

Parametrized Background Data Weak Formulation

Find zx given by izfa

arg_inf [|Tlr, (= — u0)]|?

[MADAY, PATERA, PENN & YANO, ‘14] /
// Thy
\%

measurement
space

32



pPDEs and Least Squares

Parametrized Background Data Weak Formulation space of all states that

agree with the data

7, us + Thy
Find zx given by T /

A
arg inf |[Tir, (z — u)||? '/z’”
gZEVN T t

[MADAY, PATERA, PENN & YANO, ‘14] / /
/ i A
%

measurement
space

33



pPDEs and Least Squares

space of all states that

Parametrized Background Data Weak Formulation

misfit

Find z3, given by /
arg inf ||IIr,,(z — ut)||2
z2z€VN

[MADAY, PATERA, PENN & YANO, "14]

34

agree with the data

misfit 7, u

//_
:

measurement
space



pPDEs and Least Squares

Parametrized Background Data Weak Formulation
Find z3, given by

arg_inf [|Tlr, (= — u0)]|?

[MADAY, PATERA, PENN & YANO, "14]

Angle ¢ between V and T, plays an important role:
E

Ccos ¢

R =

35



pPDEs and Least Squares

Parametrized Background Data Weak Formulation

Find z3, given by
. _ 2
arg inf [T, (= — w)]

[MADAY, PATERA, PENN & YANO, "14]

Angle ¢ between V and T, plays an important role:

E
R =
COos
where
. (v, T)v
cosp = inf sup

veVN reTy ||V||v || TV
36
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Our Context

Geophysics Example

Geology Perth Basin
- Model: heat diffusion

- Hyper-parameters: conductivities

.»\ ':i?
\ \eo
&

=

Study Area g &

« [Figure courtesy of F. Wellmann (RWTH Aachen)]

Wellmann and Reid, “Basin-scale Geothermal Model Calibration: Experience from the Perth Basin, Australia”, Energy Procedia, 59:382-389, 2014.



Our Context

Geophysics Example
Perth Basin
- Model: heat diffusion
c:,:‘dmn, - Hyper-parameters: conductivities
0.453 - 1.360
0.500 - 1,500
0.448 - 1.343
0.441 - 1,325

0.360 - 1,081
0.313 - 0.941

Degen, V. & Wellmann. 2019. Certified Reduced Basis Method in Geosciences Addressing the Challenge of High Dimensional Problems. EarthArXiv.
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Our Context

Geophysics Example
Perth Basin
- Model: heat diffusion

an"J:;?Jn, - Hyper-parameters: conductivities

0.453 - 1.360
0.500 - 1.500
0.448 - 1.343
0.441 - 1,325
0.360 - 1,081
0.313 - 0.941

- Parameters: boundary condition

Degen, V. & Wellmann. 2019. Certified Reduced Basis Method in Geosciences Addressing the Challenge of High Dimensional Problems. EarthArXiv.
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Our Context

Geophysics Example

Geology
Creteaous- |
Yarragadee- |
Eneabba [
Lesueur |
Permian
Basement

Thermal
Conductivity

0.453 - 1.360
0.500 - 1.500
0.448 - 1.343
0.441 - 1,325
0.360 - 1,081
0.313 - 0.941

Perth Basin
- Model: heat diffusion
- Hyper-parameters: conductivities

- Parameters: boundary condition

Remarks

- Importance of model and
(hyper-)parameters for prediction

Degen, V. & Wellmann. 2019. Certified Reduced Basis Method in Geosciences Addressing the Challenge of High Dimensional Problems. EarthArXiv.
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Our Context

Geophysics Example

Geology
Creteaous- |
Yarragadee- |
Eneabba [
Lesueur |
Permian
Basement

Thermal
Conductivity

0.453 - 1.360
0.500 - 1.500
0.448 - 1.343
0.441 - 1,325
0.360 - 1,081
0.313 - 0.941

Perth Basin
- Model: heat diffusion
- Hyper-parameters: conductivities

- Parameters: boundary condition

Remarks

- Importance of model and
(hyper-)parameters for prediction

- Well-posedness + number of
measurements

Degen, V. & Wellmann. 2019. Certified Reduced Basis Method in Geosciences Addressing the Challenge of High Dimensional Problems. EarthArXiv.
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Variational Data Assimilation

Find (p*(0), u*(0)) € C x V that solves

parameter — regularization parameter
(model correction) 1 5 A 8
min —||p|lgc + <[ Hry, (ue — u) Iy,
peEC 2 2
\—observable misfit
s.t. a(u(O), CH 0) = fbk(’U) ar fco(p(0)7 ’U), YVveV pPDE constraint
best knowledge model correction

[ARETZ-NELLESEN, GREPL, V., "19]

* Enforces model as a constraint
* Permits and learns corrections to the model through parameter p

* Regularizes by balancing trust in the model vs trust in the data

42



Variational Data Assimilation

Find (p*(0), u*(0)) € C x V that solves

parameter — regularization parameter
(model correction) 1 5 . A .
min —|[p|lc + S| My, (ue — u) |5,
p€eEC 2 2
\—observable misfit
s.t. a(u(@),v;0) = fok(v) + feo(p(0),v), VveEV pPDE constraint
best knowledge model correction

[ARETZ-NELLESEN, GREPL, V., "19]

* Variational data assimilation (3D-/4D-VAR) has a long history in weather forecasting
[LORENC, ’81], [LE DIMET, ’81], [COURTIER, '85], [LE DIMET & TALAGRAND, '86], ...
., [LAW, STUART & ZYGALAKIS , '15], [REICH & COTTER, '15], ...

 Differs from PBDW in regularization term (*) and in PDE-constraint

43



Variational Data Assimilation

Find (p*(0), u*(0)) € C x V that solves

parameter — regularization parameter
(model correction) 1 5 . A .
min —|[p|lc + S| My, (ue — u) |5,
p€eEC 2 2
\—observable misfit
s.t. a(u(@),v;0) = fok(v) + feo(p(0),v), VveEV pPDE constraint
best knowledge model correction

[ARETZ-NELLESEN, GREPL, V., "19]

* Variational data assimilation (3D-/4D-VAR) has a long history in weather forecasting
[LORENC, ’81], [LE DIMET, ’81], [COURTIER, '85], [LE DIMET & TALAGRAND, '86], ...
., [LAW, STUART & ZYGALAKIS , '15], [REICH & COTTER, '15], ...

 Differs from PBDW in regularization term (*) and in PDE-constraint

¢ Computationally expensive
44



3 - DATA

STABILITY-BASED OED via MODEL ORDER REDUCTION

Joint work with N. Aretz-Nellesen & M. Grepl



Variational Data Assimilation

Find (p*(8), u*(0)) € C x V that solves

1
S 2 2
T Ellp e + EII 1, (uy — u) |5,

s.t. a(u(8),v;0) = fok(v) + feo(p(0),v), VOV EV pPDE constraint

[ARETZ-NELLESEN, GREPL, V., "19]

Lagrangian

1 A
L(u,p,p;0) = 2 Iplla + 5 | 7, (u —ue) |7 + a(u,9) — fox(®) — feo(ps @)

\ . 4 G 7
~~ "~

cost function constraint

46



Variational Data Assimilation

Lagrangian

1 A
L(u,p,p;0) = 2 Ipllz + 5 | Hry, (uw—u) |17+ a(u, @) — fok(®) — feolps ®)

Optimality Conditions

f(x¢*) — (P5x)e = 0O Lp
A(C’ HTM(utrue - ’U,*) )V - a’( Ca 90*) — 0 L:'u,
Jok(&) + feo(P™,€) — a(u™,§) = 0 L,

Vxel, eV, eV

47



Stability Analysis

One can show that

1(P5s ug)llexv < Cog(MN) Iz uellv + Cg(N) || foxllv-
legllv < Co(N) M, ucllv + Cg (M|l foxllv

48



Stability Analysis

One can show that

1P ug)llexv < Cog(MN) My uellv + Cg(A) || foxllv-
legllv < Co(N) M, ucllv + Cg (M|l foxllv

where the positive stability constants are “better behaved” for

lullv > 0, Br,,(0) := inf sup (v, m)v

n(o) := > =
©) (pu)EHO(O) ||| veVe reTy ||V||v TV

as large as possible. Here,

%0(9) = { (pa u) ceCXxXV: ae(ua '@b) — fco(p7 ¢) Vip eV }9

Vo :={veV:IpeClst. ag(v,v¥) = feo(p, ) Vo €V }L
49



Stability Analysis

Find (p*(8), u*(0)) € C x V that solves

_— 2 2
min _{|plc + 5l My, (ue — u) Iy
s.t. a(u(0),v;0) = fox(v) + feo(p(0),v), VveEV pPDE constraint

[ARETZ-NELLESEN, GREPL, V., "19]

50



Stability Analysis

Find 6* € D and (p*(8*), u*(0*)) € C x V that solves

1 A
. . _ 2 - _ 2
(sin ) min 21912 + 51 TTr (s = ) 3
s.t. a(u(0),v;0) = fox(v) + feo(p(0),v), VveEV pPDE constraint

[ARETZ-NELLESEN, GREPL, V., "19]
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Stability Analysis

Find (p*(8), u*(0)) € C x V that solves

_— 2 2
min _{|plc + 5l My, (ue — u) Iy
s.t. a(u(0),v;0) = fox(v) + feo(p(0),v), VveEV pPDE constraint

[ARETZ-NELLESEN, GREPL, V., "19]
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Stability Analysis

Find (pn(6), ur (0)) € C X Vi that solves

A
L3 _ 2 . _ 2
L o~ lle + 5 | Tz, (ue — un) |5
s.t. a(un(0),v;0) = fok(v) + feo(Pn,v), Vv E Vy

[ARETZ-NELLESEN, GREPL, V., "19]
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Stability Analysis

Find (pn(6), ur (0)) € C X Vi that solves

A
. = 2 - _ 2
fucn 2|| N g + 5 | Ty, (uy — un) |5
s.t. a('u,N(O), V3 0) = fbk('v) + fco(pNa'v)v VveVn
[ARETZ-NELLESEN, GREPL, V., ’19]
Assume that
lu —unllv <eollully  where 0<ep <1

Then
Br(0) > (1 — o) Br,N(0) — €0

54



Stability Analysis

Find (pn(6), ur (0)) € C X Vi that solves

55

1 A
o - 2 - _ 2
L o~ lle + 5 | Tz, (ue — un) |5
s.t. a(un(0),v;0) = fox(v) + feo(vspn), Vv E Vy

[ARETZ-NELLESEN, GREPL, V., "19]

Order reduction for PDE (governing the model dynamics) or for optimization space

e.g., [Robert, Durbiano, Blayo, Verron, Blum, Le Dimet, ‘05], [Chen, Navon, Fang, '09], [Dimitriu, Apreutesei,
Stefanescu, "10], [Stefanescu, Sandu, Navon, ’15], [Nadal, Chinesta, Diez, Fuenmayor & Denia, '15] ...

Order reduction for entire control problem (also Cx)

connection bet. 3D-/4DVAR and control ——— ([Le Dimet & Talagrand ‘86])
model order reduction for 4DVAR [Karcher, Boyaval, Grepl & V., '18]




Computational Procedure

Projection-based Model Order Reduction

Recall optimality conditions

(PgsX)e — feo( X5 ¥p)
ag(C, ) — A(C,dg)v
ag(ug;§) — feo(Ppr§)

(ug + dg, T)v

56

Fox(€)

(uta T)V

Vx ec
VeV
vVeevVv
V17T

control
adjoint
state

misfit



Computational Procedure

Projection-based Model Order Reduction

Recall optimality conditions

(PgrX)e — feo(XsP5) = O

ag(C,pp) — A(¢,dg)y = 0

ao(ug,€) — feo(Pgr€) = Jok(§)
(ug +dg,T)v = (ue, T)v

C

N

Assume that the (control) space of

model corrections is low dimensional
57

Vx €C control
V¢evVv adjoint
VeEev state
V17T misfit




Computational Procedure

Projection-based Model Order Reduction

Recall optimality conditions

(PgrsX)ec — feo(Xspp) = O Vx ec control

a6(6:05) — A(Gdg)y = 0 veev  adoint

ag(ug, &) — feo(Pg, &) = fox(&) VéEeV state
(up +dp, T)v = (ue,T)v VTETNy misfit

9

N

Construct an RB space for the state
Note that T, is not yet required!
58



Computational Procedure

Projection-based Model Order Reduction

Recall optimality conditions

(PgsX)ec — feo( X5 5 ) 0 Vx ec control

a0(Cr05) — MGd)y = 0 veev  adoint

ag(ug, &) — feo(Dp,§) fox(€) VéEeV state
(up +dg, 7)v (ug, T)v. VT E€TMm misfit

C— > Vyn——>TNMm

Select optimal measurements via

greedy algorithm in the hyper-parameter domain +
orthogonal matching pursuit [BINEV et al., "18]

59




Computational Procedure

Projection-based Model Order Reduction

Recall optimality conditions

(PgrsX)ec — feo(Xspp) = O Vx ec control

a6(6:05) — MGdg)y = 0 vCev  adont

ag(ug, &) — feo(Pg, &) = fox(&) VéEeV state
(up +dp, T)v = (ue,T)v VTETNy misfit

C——>Vun—>Ty—> VN

Construct an RB space for the adjoint

60



Computational Procedure

Projection-based Model Order Reduction

Recall optimality conditions

(PgrsX)ec — feo(Xspp) = O Vx ec control

a6(6:05) — MGdg)y = 0 vCev  adont

ag(ug, &) — feo(Pg, &) = fox(&) VéEeV state
(up +dp, T)v = (ue,T)v VTETNy misfit

C——>Vun—>Ty—> VN

61

VN =Vun + Vo N



Numerical Experiment

Thermal Block

* State space

V is an FE-discretization of
V={ve H(Q) : v|r, =0}

* Hyper-parameter

2
ag(u,v) := Z 0; /Q Vu-Vwdx
i=0 i

where 69 = 1,0 = (01, 0>) € [0.1,10]?

62

homogeneous
Neumann

homogeneous Dirichlet

Q2,02

Ql, 91

QO? 00

I I Y S N O N
Fin

input heat flux




Numerical Experiment

Thermal Block

* “Best-knowledge” boundary condition
Constant heat flux

fbk(v) = / 1-vdIl
Fin homogeneous

* Correction Neumann

fco(p7 'U) — / pvdl', peC:= Lz(rin)
Pin

* Low-dimensional approximation

Cn = P53 (polynomial space)

63

homogeneous Dirichlet

Q2,02

Ql, 01

QO? 00

I I Y S N O N
Fin

input heat flux




Numerical Experiment

64

Thermal Block
*  “Unknown” true quantities
Conductivity 6, = (7.0,0.3) € D
Input flux pe(x) = 1.5 + 0.3 sin(27x)

T € Fin
State uy = ug, (Pt)

* Measurements

Ths is to be chosen from a library
L of a 49x49 grid of Gaussian functionals

true state




Numerical Experiment

Selection of the measurement space

10°

; ; ; ; : : : 3,
/
; / %
10 ' ¢ 3
/ ° L/
: /] /
102 ¢
/] %
103 ¢ /1
/
1 et [
4
10 —¥— ming Br,, n(6) / /
ming , Br,, ,~n (0, V)
: ‘ . e o 0 N
0 2 4 6 8 10 12 14 16
dim T ttTttr ot
inf-sup constants during sensor selection chosen sensor locations

65



Numerical Experiment

3D-VAR Correction

2 T 2 T

1.8F yeE e 1
¥

V4
6 * |

—t
\ I —— 77 1
........ u \*\\ //%
1.2 prior ﬂg_*_’ i
-= utrue -= utrue
—%¥ noise-free limit -¥ noise-free limit
1 1 == RB-3D-VAR (noise-freg) | ssrresmermsmmmmmnmnnnnnna, - 1 t{—F— RB-3D-VAR (noise-free) rrrssersermmsmmmmemmnnanniaian -
— RB-3D-VAR (mean) —— RB-3D-VAR (mean)
RB-3D-VAR (with noise) RB-3D-VAR (with noise
0.8 ‘ ‘ ‘ ‘ 0.8 ‘ ‘ ‘ ‘
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Numerical Experiment

3D-VAR Correction

N

utrue

noise-free limit

RB-3D-VAR (noise-free)
RB-3D-VAR (mean)
RB-3D-VAR (with noise)

utrue

noise-free limit

RB-3D-VAR (noise-free)
RB-3D-VAR (mean)

0.2

RB-3D-VAR (with noise

0.2

A = 1000




Numerical Experiment

Construction of RB Spaces

Cn———> Vun——>Tyy——> VN

Space Dimensions

Computational Time

FE-3D-VAR

RB-3D-VAR

offline

online

error bound

speedup

7.08 s

68

463 s

4.2 ms

1.3 ms

1,276

VN = Vun + Vo, N



4 - CONNECTIONS

BAYESIAN SETTING

Joint work with N. Aretz-Nellesen & P. Cheng,
Thanks also to M. Grepl, D. Degen & F. Wellmann



Bayesian Inversion

Measurement Data and Noise

We model the measurement data d to be of the form

d = Lug(p) + 6 = Go,.(p) + 6

with
Observation operator L= (liyeidp)? : Vo RM
Gaussian additive noise § ~N(0,0°%L)
Noise covariance matrix >, € RM x RM

Parameter-to-observable map  Go,r : R¥ — RM, with Gy, (p) := Lug(p)
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Bayesian Inversion

Measurement Data and Noise

We model the measurement data d to be of the form

d = Lug(p) + 6 = Go,.(p) + 6

with linear in parameter
Observation operator L= (liyeidp)? : Vo RM
Gaussian additive noise § ~N(0,0°%L)
Noise covariance matrix >, € RM x RM

Parameter-to-observable map  Go,r : R¥ — RM, with Gy, (p) := Lug(p)
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Bayesian Inversion

Hyper-parametrized Bayesian Inverse Model

Given the prior probability density m , the posterior density is

7Tpost( y |d) X 770( : ) Wlike(dl )
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Bayesian Inversion

Hyper-parametrized Bayesian Inverse Model

Given the prior probability density m , the posterior density is
Tpost( * |d) o< mo( - ) Miike(d] - )
With additive Gaussian noise, the posterior density is then

1 1
g (- |) ox exp (= G (0) — I — 3 912 )
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Bayesian Inversion

Hyper-parametrized Bayesian Inverse Model

Given the prior probability density m , the posterior density is
Tpost( * |d) o< mo( - ) Miike(d] - )
With additive Gaussian noise, the posterior density is then
1 1
2 2
Ay (- ) o< exp =2 G, (0) = I — ol )
Since G, is linear, the posterior is Gaussian, with

post

post(d) 29 = (G; L z]I_;ld) mean

—1

-1 -1 ) .

»0L — ( —Go X1 Go,L + 3 ) covariance matrix
o
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Sensor Selection Strategy

Objective
Given sensor library L = {l;}X, of K sensors
choose observation operator L=l li,,), 1<k <K

so that L is uniformly “good” for all hyper-parameters 68 € D
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Sensor Selection Strategy

Objective
Given sensor library L = {l;}X, of K sensors
choose observation operator L=l li,,), 1<k <K

so that L is uniformly “good” for all hyper-parameters 68 € D

(Bayesian) Optimal Experimental Design

OED .. [UCINSKI, 04], [PATAN, ’04], [ATKINSON, DONEV & TOBIAS, '07]
[RANIERI, CHEBIRA & VETTERLI, "14], [HERZOG, RIEDEL & UCINSKI, "17] ...

OED in the Bayesian setting .. [BERGER & PERICCHI, "01], [RYAN, DROVANDI, McGREE & PETTITT, "16]

[AGGARWAL, DEMKOWICZ, MARZOUK, "14], [ALEXANDERIAN, GLOOR & GHATTAS, ’16]
[ALEXANDERIAN, PETRA, STADLER, & GHATTAS, "16], [WALSH, WILDEY, JAKEMAN, "17] ...

OED + MOR .. [ALONSO, FROUZAKIS, KEVREKIDIS, "04], [BINEV, COHEN, MULA & NICHOLS, '18]
[BENNER, HERZOG, LANG, RIEDEL & SAAK, "19], [MADAY, PATERA, PENN & YANO, ’14/'15]

76 [MADAY & TADDEI "19], [HAMMOND, CHAKIR, BOURQUIN & MADAY ’19] ...



Sensor Selection Strategy

(Some) Bayesian OED Criteria

f with orthonormal eigenvectors, s;,

For given L,0,let a; be the eigenvalues of Eg;) "
1=1,....P

* A-Optimality minimizes the mean axis of the uncertainty ellipsoid

P
min trace(X%L) = Z Q;

post
=1

* D-Optimality minimizes the volume of the uncertainty ellipsoid

post

P
min det(X%L) = H o
1=1
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Sensor Selection Strategy

Eigenvalue Upper Bound

1 -1
For ¢ = 1,..., M, we can show that «; < (;ﬁi,en§;,9||ﬂxg8i||ﬁﬂd + '7;51)

Ipll5-2
with  norm equivalence constant —1 := inf :

A 20t T e [plfp
parameter subspace Xy :={p € RM : ug(p) = 0}+
variability coefficient Nyiy = inf 1o (P)llv >0

o pexy |lpllc
- .. [ Lug(p)|| -1
observability coefficient Br,e := inf

pexs  [lug(p)llv
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Sensor Selection Strategy

Eigenvalue Upper Bound

1 -1
For ¢ = 1,..., M, we can show that «; < (;ﬁi,en§;,9||ﬂxg8i||ﬁﬂd + '7;51)

with

norm equivalence constant

parameter subspace

—1 =
Vs

Xy :={p € RM : ug(p) = 0}+

Ipll-

inf

pERM || p||gr

- . |luo(p)llv
variability coefficient n% . ,:= inf ——— "= >
Y X0 Lexg plle
- .. [ Lug(p)|| -1
observability coefficient Br,e := inf

peXs  [lug(p)llv
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Sensor Selection Strategy

Eigenvalue Upper Bound

1 -1
For ¢ = 1,..., M, we can show that «; < (;ﬁi,en§;,9||ﬂxg8i||ﬁﬂd + '7;51)

with norm equivalence constant

parameter subspace

1Pl 5
V-1 2= inf o
0 PERM || p||pas

Xy :={p € RM : ug(p) = 0}+

variability coefficient Nyiy = inf uo ®)llv >0
o rexg |lplle
* non-decreasing for all 8
| Lue ()] 5 : :
e . th expanding L
observability coefficient = L Wi .
Y Br.o pexz; ||ue(P)||v  greedy-OMP algorithm

* model order reduction



Our Context

Geophysics Example
Geology Perth Basin
« Model: heat diffusion
- Hyper-parameters: conductivities

- Parameters: boundary condition

=

.»\ ':i?
\ \eo
&

Study Area g &

« [Figure courtesy of F. Wellmann (RWTH Aachen)]

Wellmann and Reid, “Basin-scale Geothermal Model Calibration: Experience from the Perth Basin, Australia”, Energy Procedia, 59:382-389, 2014.
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Our Context

82

Geophysics Example

Perth Basin
- Model: heat diffusion

Thermal

Geology  Conductivity - Hyper-parameters: conductivities

Crotooous-' 0.453 - 1.360

Yarragadee- | 0.500 - 1.500
Eneabba [ 0.448 - 1.343

- Parameters: boundary condition

Lesueur | 0.441 - 1,325
Permian 0.360 - 1.081
Basement 0.313 - 0.941

Work in collaboration with D. Degen & F. Wellmann



Our Context

83

Geophysics Example

Sensor Library
47 x 47 grid of holes, 5 depths,

Thermal .
Geology Conductivity * total of 11,045 pOSSIb|e sSensors
Crotocous ff  0.453-1.360 « only one measurement per hole

Yarragadee- | 0.500 - 1.500

Eneabba 0.448 - 1.343 . . .
neabba Noise covariance function

lesueur ]  0.441-1325
Permian 0.360 - 1.081 » provided by geophysicists,
Basement 0.313 - 0.941

computed from measurements

* high correlation between
different sensors

Work in collaboration with D. Degen & F. Wellmann



Our Context
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Geophysics Example

Sensor selection
* 6 hyper-parameters, 5 parameters

Thermal . .
Geology Conductivity * RB space of dimension 92

Crotecous ] 0453-1360 o pffline time of 52 min
Yarragadee- | 0.500 - 1.500
Eneabba ] 0.448-1.343 * relative target accuracy of 1%

tosor | 0441 -1.325 over random training set of
Permian 0.360 - 1.081
Basement 0.313 - 0.041 4E5 hyper-parameters

* choose 10 sensors from library

* min observability coefficient of 0.47

Work in collaboration with D. Degen & F. Wellmann



Numerical Results

Observability coefficient and eigenvalues

rangiom, 10 seasors
— propossl 10 sessors

.-
~s

W 1

pbasreaddty ConTC ot
S
ogervelie

mean cbaersabity coeficiont

W'
e CbReTVATY (et Cwent
{ ~== Empeavement afth next sensor
S L) ) 8 ’ 12 00 0s 19 13 20 i35 0 1% 49
ramder of sermon m of egervelee
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Numerical Results

Bayesian A- and D-optimality Criteria

5
e
-
:
g
¥,
&_,
:
:
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random. 10 sermon
random. SO senvions

| wse= random, 100 sermsors

random, J00 sensors

[ wee= propossl, 10 servsors

. Ty
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Numerical Results

Sensor Selection

()
1 0.8 0.6 04 0.2 o

k.

e 071
I 0.61
0.50

x =0.2443

1 0.8 0.6 04 0.2 0
Z()

Bottom-most layer with sensors
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Temperature [-]
0.91

Temperature (-)
0.18

lo.u

0.14

I'o.iz
0.10

x =0.266

0.8 0.6 04 0.2 0
()

Top-most layer with sensors



Final Remarks

Summary

88

Considered physical systems governed by hyper-parametrized PDEs

Built on variational data assimilation methods to estimate state, unknown parameters
Through a stability analysis, developed framework for optimal sensor placement

Used reduced order models to significantly reduce computational cost

Extended and applied framework to Bayesian problem in geophysics

Explored connections to A- and D-optimality

Outlook

Extend to cases with nonlinear parameter-to-observable maps

Extend to parabolic case, multi-scale problems, high-dimensional parameters, ...



