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Part I

A Reduced Basis Primer
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The Reduced Basis Method

FE SPACE

a(y(µ), v;µ) = f(v;µ), for all v 2 Y
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The Reduced Basis Method

FE SPACE

SNAPSHOTS

y(µi)

HIGH-DIMENSIONAL

YN = span
�
y(µi) , i = 1, . . . , N
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The Reduced Basis Method

FE SPACE

SNAPSHOTS

y(µi) yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

a(yN(µ), v;µ) = f(v;µ), for all v 2 YN .
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The Reduced Basis Method

FE SPACE

SNAPSHOTS

y(µi)

∆N(µ)

(2) ERROR BOUND

yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

ky(µ) � yN(µ)kY  ∆
y
N(µ) :=

krN(·;µ)kY 0

↵LB(µ)
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The Reduced Basis Method

FE SPACE

SNAPSHOTS

y(µi)

∆N(µ)

(2) ERROR BOUND

yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

(3) OFFLINE-ONLINE COMPUTATIONAL DECOMPOSITION

a(w, v;µ) =
QP

q=1
✓q(µ) aq(w, v), 8w, v 2 Y
| {z }

µ-DEPENDENT
COEFFICIENTS

| {z }

µ-INDEPENDENT
BILINEAR FORMS
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The Reduced Basis Method

FE SPACE

SNAPSHOTS

y(µi)

∆N(µ)

(2) ERROR BOUND

yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

(3) OFFLINE-ONLINE COMPUTATIONAL DECOMPOSITION

(4) GREEDY ALGORITHM

µn+1 = arg max
µ2Ds

∆
y
n(µ)

kyN(µ)kY
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Problem Statement

Given µ
|{z}

PARAMETER

2 D,
|{z}

PARAMETER
DOMAIN
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Problem Statement

Given µ
|{z}

PARAMETER

2 D,
|{z}

PARAMETER
DOMAIN

evaluate

s(µ) = `(y(µ);µ) OUTPUT

where y(µ)
| {z }

FIELD
VARIABLE

2 Y
|{z}

FE SPACE

satisfies

a(y, v;µ) = f(v;µ), for all v 2 Y, PDEN (µ)

and

f(v;µ), `(v;µ) are bounded linear functionals

a(·, ·;µ) : Y ⇥ Y ! R is continuous and coercive

for all µ 2 D.
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Problem Statement (Algebraic Formulation)

Given µ 2 D, evaluate

s(µ)
| {z }

OUTPUT

= L(µ)T
| {z }

OUTPUT
VECTOR

y(µ)
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Problem Statement (Algebraic Formulation)

Given µ 2 D, evaluate

s(µ)
| {z }

OUTPUT

= L(µ)T
| {z }

OUTPUT
VECTOR

y(µ)

where y(µ) 2 R
N satisfies

A(µ)
| {z }

LINEAR
OPERATOR

y(µ) = F (µ)
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Problem Statement (Algebraic Formulation)

Given µ 2 D, evaluate

s(µ)
| {z }

OUTPUT

= L(µ)T
| {z }

OUTPUT
VECTOR

y(µ)

where y(µ) 2 R
N satisfies

A(µ)
| {z }

LINEAR
OPERATOR

y(µ) = F (µ)
| {z }

LOADING/
CONTROL

Difficulties:

I Need to solve PDEN (µ) numerous times at different values of µ

I Finite element space Y has large dimension N
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(1) Approximation

We let
YN = span

�
y(µi)
| {z }

, i = 1, . . . , N
 

SNAPSHOTS

and compute our approximation as

sN(µ) = `(yN(µ);µ)

where yN(µ) 2 YN satisfies

a(yN , v;µ) = f(v;µ), for all v 2 YN . ROMN(µ)
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(1) Approximation (Algebraic Formulation)

We let

ZN =
⇥
⇣1
|{z}

⇣2
|{z}

. . . ⇣N
|{z}

⇤
s.t. yN(µ) = ZNy

N
(µ)

Y -ORTHONORMAL SNAPSHOTS ζi “=” y(µi)
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(1) Approximation (Algebraic Formulation)

We let

ZN =
⇥
⇣1
|{z}

⇣2
|{z}

. . . ⇣N
|{z}

⇤
s.t. yN(µ) = ZNy

N
(µ)

Y -ORTHONORMAL SNAPSHOTS ζi “=” y(µi)

and compute our approximation as

sN(µ) = L(µ)TZN
| {z }

y
N
(µ)

= LT
N
(µ) y

N
(µ)

where y
N
(µ) 2 R

N satisfies

ZT
N
A(µ)ZN

| {z }
y

N
(µ) = ZT

N
F (µ)

| {z }

AN(µ) y
N
(µ) = FN(µ)
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(1) Approximation (Algebraic Formulation)

We let

ZN =
⇥
⇣1
|{z}

⇣2
|{z}

. . . ⇣N
|{z}

⇤
s.t. yN(µ) = ZNy

N
(µ)

Y -ORTHONORMAL SNAPSHOTS ζi “=” y(µi)

and compute our approximation as

sN(µ) = L(µ)TZN
| {z }

y
N
(µ)

= LT
N
(µ) y

N
(µ)

where y
N
(µ) 2 R

N satisfies

ZT
N
A(µ)ZN

| {z }
y

N
(µ) = ZT

N
F (µ)

| {z }

AN(µ) y
N
(µ) = FN(µ)

How do we quantify the error?

M. Grepl (RWTH Aachen) 7



(2) Error Estimation

Let ↵(µ) be the coercivity constant of a

↵(µ) := inf
v2Y

a(v, v;µ)

kvk2Y

and define residual rN(v;µ) := f(v;µ) � a(yN , v;µ), 8v 2 Y .
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Let ↵(µ) be the coercivity constant of a

↵(µ) := inf
v2Y

a(v, v;µ)

kvk2Y

and define residual rN(v;µ) := f(v;µ) � a(yN , v;µ), 8v 2 Y .

The error, eN(µ) := y(µ) � yN(µ), then satisfies

a(eN , v;µ) = rN(v;µ), 8 v 2 Y,
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(2) Error Estimation

Let ↵(µ) be the coercivity constant of a

↵(µ) := inf
v2Y

a(v, v;µ)

kvk2Y

and define residual rN(v;µ) := f(v;µ) � a(yN , v;µ), 8v 2 Y .

The error, eN(µ) := y(µ) � yN(µ), then satisfies

a(eN , v;µ) = rN(v;µ), 8 v 2 Y,

and, for any µ 2 D and ↵LB(µ)  ↵(µ), we have

keN(µ)kY 
krN(·;µ)kY 0

↵LB(µ)
| {z }

=: ∆y
N(µ)

and |s � sN |  k`kY 0∆
y
N

| {z }

=: ∆`

N(µ)
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(2) Error Estimation

Let ↵(µ) be the coercivity constant of a

↵(µ) := inf
v2Y

a(v, v;µ)

kvk2Y

and define residual rN(v;µ) := f(v;µ) � a(yN , v;µ), 8v 2 Y .

The error, eN(µ) := y(µ) � yN(µ), then satisfies

a(eN , v;µ) = rN(v;µ), 8 v 2 Y,

and, for any µ 2 D and ↵LB(µ)  ↵(µ), we have

keN(µ)kY 
krN(·;µ)kY 0

↵LB(µ)
| {z }

=: ∆y
N(µ)

and |s � sN |  k`kY 0∆
y
N

| {z }

=: ∆`

N(µ)

How do we compute yN , sN ,∆y
N ,∆`

N
efficiently?
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(3) Offline/Online Decomposition

We assume a(v, w;µ) =
QP

q=1
✓q(µ) aq(v, w)
| {z }

µ-DEPENDENT
COEFFICIENTS

| {z }

µ-INDEPENDENT
BILINEAR FORMS
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N
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FE-MATRIX

ZN =
QP

q=1
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N
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(3) Offline/Online Decomposition

We assume a(v, w;µ) =
QP

q=1
✓q(µ) aq(v, w)
| {z }

µ-DEPENDENT
COEFFICIENTS

| {z }

µ-INDEPENDENT
BILINEAR FORMS

so that AN(µ)
| {z }

RB-MATRIX

= ZT
N

A(µ)
| {z }

FE-MATRIX

ZN =
QP

q=1
✓q(µ) ZT

N
AqZN

| {z }

µ-INDEPENDENT

Similarly

FN(µ) = ZT
NF (µ) =

QfP

q=1
✓
q
f(µ) ZT

NF q

and

LN(µ) = ZT
NL(µ) =

QP̀

q=1
✓
q
`
(µ) ZT

NLq
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(3) Offline/Online Decomposition – Example

Affine Parameter Dependence: Example 1

Parameters:
µ = ( k0, k1, k2, k3, k4

| {z }

THERMAL
CONDUCTIVITIES

)

Governing Equation:

�kir2yi = 0

in Ωi, i = 0 to 4
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(3) Offline/Online Decomposition – Example

Affine Parameter Dependence: Example 1

Parameters:
µ = ( k0, k1, k2, k3, k4

| {z }

THERMAL
CONDUCTIVITIES

)

Governing Equation:

�kir2yi = 0

in Ωi, i = 0 to 4

The matrix A(µ) then represents the bilinear form

a(v, w;µ) =
4P

i=0

ki

|{z}

θq(µ)

Z

Ωi

rv · rw

| {z }

“=”Aq
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(3) Offline/Online Decomposition – Example

Affine Parameter Dependence: Example 2

x̃1

x̃2

1

PARAMETRIZED DOMAIN

Ω̃(µ) µ

Bilinear Form on Parameter-Dependent Domain

ã(ṽ, w̃;µ) =

Z

Ω̃(µ)

✓
@ṽ

@x̃1

@w̃

@x̃1

+
@ṽ

@x̃2

@w̃

@x̃2

◆

| {z }

r̃ṽ·r̃w̃

dΩ̃(µ), ṽ, w̃ 2 H1(Ω̃(µ))
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(3) Offline/Online Decomposition – Example

Affine Parameter Dependence: Example 2

x̃2
Ω̃(µ)

x̃1 x1

x2
µ

1

PARAMETRIZED DOMAIN

1

REFERENCE DOMAIN

Ω 1

Bilinear Form on Parameter-Dependent Domain

ã(ṽ, w̃;µ) =

Z

Ω̃(µ)

✓
@ṽ

@x̃1

@w̃

@x̃1

+
@ṽ

@x̃2

@w̃

@x̃2

◆

| {z }

r̃ṽ·r̃w̃

dΩ̃(µ), ṽ, w̃ 2 H1(Ω̃(µ))

After (Affine) Mapping to a Reference Domain

a(v, w;µ) =

Z

Ω

✓
@v

@x1

@w

@x1

+
1

µ2

@v

@x2

@w

@x2

◆

µdΩ, v, w 2 H1(Ω)

M. Grepl (RWTH Aachen) 11



(3) Offline/Online Decomposition: Approximation

Summary computational cost: (Q = Qa + Qf)

Offline — once, parameter independent

1. solve for ⇣n O(NmaxN •)

2. form and store: Aq
N , 1  q  Qa O(QN2N )

(same for F q
N and L

q
N )

M. Grepl (RWTH Aachen) 12



(3) Offline/Online Decomposition: Approximation

Summary computational cost: (Q = Qa + Qf)

Offline — once, parameter independent

1. solve for ⇣n O(NmaxN •)

2. form and store: Aq
N , 1  q  Qa O(QN2N )

(same for F q
N and L

q
N )

Online — many times, parameter dependent

1. form RB matrices: AN(µ), FN(µ), LN(µ) O(QN2)

2. solve for y
N
(µ): AN(µ) y

N
(µ) = FN(µ) O(N3)

3. evaluate output: sN(µ) = LT
N
(µ)y

N
(µ) O(N)

Online cost is independent of N .

M. Grepl (RWTH Aachen) 12



(3) Offline/Online Decomposition: Error Bounds

Crucial ingredient: Dual norm of residual krN(·;µ)kY 0

We expand yN(µ) =
NP

j=1

yN j(µ) ⇣j

and obtain from the definition of the residual and affine dependence

rN(v;µ) = f(v) � a(yN(µ), v;µ)

= f(v) � a

✓
NP

n=1
yN n(µ)⇣n, v;µ

◆

= f(v) �
NP

n=1
yN n(µ) a

�
⇣n, v;µ

�

= f(v) �
NP

n=1
yN n(µ)

QaP

q=1
✓qa(µ) a

q
�
⇣n, v

�

For simplicity, we assume here that f(v) does not depend on µ.
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(3) Offline/Online Decomposition: Error Bounds

Riesz representation:

(ê(µ), v)Y = rN(v;µ)

= f(v) �
QaP

q=1

NP

n=1
✓qa(µ)yN n(µ)a

q
�
⇣n, v

�
,

M. Grepl (RWTH Aachen) 14



(3) Offline/Online Decomposition: Error Bounds

Riesz representation:

(ê(µ), v)Y = rN(v;µ)

= f(v) �
QaP

q=1

NP

n=1
✓qa(µ)yN n(µ)a

q
�
⇣n, v

�
,

Linear Superposition:

) ê(µ) = C +
QaP

q=1

NP

n=1
✓qa(µ)yN n(µ)Aq

n

where

(C, v)Y = f(v), 8v 2 Y ;

(Aq
n, v)Y = �aq(⇣n, v), 8v 2 Y,

1  n  N, 1  q  Qa.
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(3) Offline/Online Decomposition: Error Bounds

Thus

kê(µ)k2Y =

✓

C +
QaP

q=1

NP

n=1
✓qa(µ)yN n(µ)Aq

n , ·

◆

Y

=

M. Grepl (RWTH Aachen) 15



(3) Offline/Online Decomposition: Error Bounds

Thus

kê(µ)k2Y =

✓

C +
QaP

q=1

NP

n=1
✓qa(µ)yN n(µ)Aq

n , ·

◆

Y

= (C, C)Y +
QaP

q=1

NP

n=1
✓qa(µ)yN n(µ)

⇢

2(C,Aq
n)Y +

QaP

q0=1

NP

n0=1

✓q
0

a (µ)yN n0(µ)(Aq
n,A

q0

n0)Y

�

M. Grepl (RWTH Aachen) 15



(3) Offline/Online Decomposition: Error Bounds

Offline: once, parameter independent

I Compute C,Aq
n, 1  n  Nmax, 1  q  Qa, from

(C, v)Y = f(v), 8v 2 Y ;

(Aq
n, v)Y = �aq(⇣n, v), 8v 2 Y,

1  n  N, 1  q  Qa.
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(3) Offline/Online Decomposition: Error Bounds

Offline: once, parameter independent

I Compute C,Aq
n, 1  n  Nmax, 1  q  Qa, from

(C, v)Y = f(v), 8v 2 Y ;

(Aq
n, v)Y = �aq(⇣n, v), 8v 2 Y,

1  n  N, 1  q  Qa.

I Form/Store (C, C)Y , (C,Aq
n)Y , (Aq

n,A
q0

n0)Y ,

1  n, n0  Nmax, 1  q, q0  Qa.

Complexity depends on N , Qa, and N .
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(3) Offline/Online Decomposition: Error Bounds

Online: many times, for each new µ
(and associated solution yN(µ))

I Evaluate

kê(µ)k2Y = (C, C)Y +
QaP

q=1

NP

n=1
✓qa(µ)yN n(µ)

⇢

2(C,Aq
n)Y +

QaP

q0=1

NP

n0=1

✓q
0

a (µ)yN n0(µ)(Aq
n,A

q0

n0)Y

�

– O(Q2
aN

2)

Complexity depends on N , Qa, but not N .
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(3) Offline/Online Decomposition: Error Bounds

Online: many times, for each new µ
(and associated solution yN(µ))

I Evaluate

kê(µ)k2Y = (C, C)Y +
QaP

q=1

NP

n=1
✓qa(µ)yN n(µ)

⇢

2(C,Aq
n)Y +

QaP

q0=1

NP

n0=1

✓q
0

a (µ)yN n0(µ)(Aq
n,A

q0

n0)Y

�

– O(Q2
aN

2)

Complexity depends on N , Qa, but not N .

How do we choose the snapshots?
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(4) (Weak) Greedy Algorithm

Given Y2 = span{y(µ1), y(µ2)}, how do we choose µ3?
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(4) (Weak) Greedy Algorithm

Given Y2 = span{y(µ1), y(µ2)}, how do we choose µ3?

µ1

∆n

kunkX

µ2
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(4) (Weak) Greedy Algorithm

Given Y2 = span{y(µ1), y(µ2)}, how do we choose µ3?

∆n

kunkX

µ2µ1
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(4) (Weak) Greedy Algorithm

Given Y2 = span{y(µ1), y(µ2)}, how do we choose µ3?

µ3

∆n

kunkX

µ2µ1

µ3 = arg max
µ2Ds

∆2(µ)

ky2(µ)kY

where Ds ⇢ D is a finite train sample
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(4) (Weak) Greedy Algorithm

Given Y2 = span{y(µ1), y(µ2)}, how do we choose µ3?

µ3

∆n

kunkX

µ2µ1

µ3 = arg max
µ2Ds

∆2(µ)

ky2(µ)kY

where Ds ⇢ D is a finite train sample

Y3 = span{y(µ1) y(µ2) y(µ3)}

Key points:

I ∆n(µ) is sharp and inexpensive to compute (online)

I Error bounds enable choice of good approximation spaces

M. Grepl (RWTH Aachen) 18



Parabolic Problems

We wish to compute, for any µ 2 D, t 2 (0, tf ]

s(t;µ) = `(y(t;µ))

where y(t;µ) 2 Y , satisfies y(0;µ) = 0

m(yt(t;µ), v) + a(y(t;µ), v;µ) = f(v)g(t), 8v 2 Y.

for given g(·) 2 L2(0, tf) and

f(v), `(v) are bounded linear functionals

m(·, ·) : Y ⇥ Y ! R is continuous and coercive

a(·, ·;µ) : Y ⇥ Y ! R is continuous and coercive

for all µ 2 D.

M. Grepl (RWTH Aachen) 19



Parabolic Problems
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Key Ingredients:

I FE[x]-FD[t] truth approximation:

– FE-space Y

– time grid tk = k∆t, 0  k  K, K = tf/∆t

I POD/Greedy algorithm to construct YN ⇢ Y

I Error bound for space-time energy norm

I Online cost: O(QN2 + N3 + KN2) plus O(KQ2N2).
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Summary

The reduced basis method provides

accurate yN ⇡ y (1) APPROX

reliable ∆
y
N � ky � yNkY (2) ERR EST

efficient surrogates cost O(N⇤) (3) DECOMP

N small (4) GREEDY

to solutions of parametrized PDEs

for the many-query, real-time,

and slim-computing contexts.
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Summary

Computational Opportunities

I. We restrict our attention to the typically smooth and
low-dimensional manifold induced by the parametric dependence.

) Dimension reduction

II. We accept greatly increased offline cost in exchange for greatly
decreased online cost.

) Real-time and/or many-query context
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Summary

Computational Opportunities

I. We restrict our attention to the typically smooth and
low-dimensional manifold induced by the parametric dependence.

) Dimension reduction

II. We accept greatly increased offline cost in exchange for greatly
decreased online cost.

) Real-time and/or many-query context

Note: Strict offline-online separation not always the best choice

) adaptive or “on-the-fly” training (e.g. trust-region RB)
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Part II

Data Assimilation: 4D-Var
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4D-Var

Classical 4D-Var

min
u2U

1

2
(u� ub)

TB–1(u� ub) +
�

2

KP

k=1

∆t(Hyk � zk
d)

TD–1(Hyk � zk
d)

s.t. yk = M(yk�1), k = 1, . . . ,K

y0 = u
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M model of the dynamics
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I Related to Bayesian methods, 3D-Var, and optimal control

[LE DIMET 1981], [LEWIS & DERBER 1985], [COURTIER 1985],
[LE DIMET & TALAGRAND 1986], . . .
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[LE DIMET 1981], [LEWIS & DERBER 1985], [COURTIER 1985],
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Order Reduction for:

I PDE governing model dynamics: YN ⇢ Y

I Optimization space: UN ⇢ U . . . with Greedy Algorithm
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Can we quantify the error for a given µ?

CONTROL ku⇤(µ) � u⇤
N (µ)kU  ∆

u
N (µ)

STATE ky⇤(µ) � y⇤
N (µ)kY  ∆

y
N (µ)
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L(y, p, u;µ) =
1

2
ku � ubk2

U +
λ

2

K
P

k=1

∆tkHy
k � z

k
dk2

D

+
K
P

k=1

m(yk
, p

k) � m(yk�1
, p

k) + ∆ta(yk
, p

k) � ∆tf(pk),
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4D-Var

Reduced Optimality Conditions

f(φ) � a(yk
N ,φ) � 1

∆t
m(yk

N � y
k�1

N ,φ) = 0 Lp

λ(Hy
k
N � z

k
d,Hϕ)D � 1

∆t
m(ϕ, p

k
N � p

k+1

N ) + a(ϕ, p
k
N ;µ) = 0 Ly

m(ψ, p
1
N) � (uN � ub,ψ)U = 0 Lu

for all � 2 YN , ' 2 YN ,  2 UN .
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4D-Var

Reduced Optimality Conditions

f(φ) � a(yk
N ,φ) � 1

∆t
m(yk

N � y
k�1

N ,φ) = 0 Lp

λ(Hy
k
N � z

k
d,Hϕ)D � 1

∆t
m(ϕ, p

k
N � p

k+1

N ) + a(ϕ, p
k
N ;µ) = 0 Ly

m(ψ, p
1
N) � (uN � ub,ψ)U = 0 Lu

for all � 2 YN , ' 2 YN ,  2 UN .

We also require

I Lower bound of the a-coercivity constant

↵LB
a (µ)  ↵a(µ), 8µ 2 D

I Continuity constant of operator H

�H = sup
v2Y

kHvkD

kvkY
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4D-Var

Error

STATE e
k
y(µ) := y

⇤k(µ) � y
⇤k
N (µ)

ADJOINT e
k
p(µ) := p

⇤k(µ) � p
⇤k
N (µ)

CONTROL eu(µ) := u
⇤(µ) � u

⇤

N(µ)
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4D-Var

Error

STATE e
k
y(µ) := y

⇤k(µ) � y
⇤k
N (µ)

ADJOINT e
k
p(µ) := p

⇤k(µ) � p
⇤k
N (µ)

CONTROL eu(µ) := u
⇤(µ) � u

⇤

N(µ)

Error-Residual Equations

STATE r
k
y(φ;µ) = a(ek

y,φ) +
1

∆t
m(ek

y � e
k�1
y ,φ)

ADJOINT r
k
p(ϕ;µ) = λ(He

k
y,Hϕ)D +

1

∆t
m(ϕ, e

k
p � e

k+1
p ) + a(ϕ, e

k
p;µ)

CONTROL ru(ψ;µ) = (eu,ψ)U � m(ψ, e
1
p)
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4D-Var

A Posteriori Error Estimation

We can show that

ku⇤(µ) � u
⇤

N(µ)kU  ∆
u
N = c1(µ) +

p

c1(µ)2 + c2(µ)
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4D-Var

A Posteriori Error Estimation

We can show that

ku⇤(µ) � u
⇤

N(µ)kU  ∆
u
N = c1(µ) +

p

c1(µ)2 + c2(µ)

with non-negative terms

c1 :=
1

2

 

krukU0 +
1

p

αLB
a

Rp

!

c2 :=

 

1 +
p
2

αLB
a

RyRp +
λ γ2

H

2(αLB
a )2

R
2
y

!

where Ry,p =

✓

∆t
KP

k=1

krk
y,pk

2
Y 0

◆ 1

2

, and rky , r
k
p , ru

are the residuals in the state, adjoint, and control equations
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4D-Var

Weak-constraint 4D-Var [TRÉMOLET 2006]

Solve

min
u2U

1

2
ku0 � ubk2

U +
1

2

K
P

k=1

∆tkCy
k � z

k
dk2

D +
1

2

K
P

k=1

∆tkukk2
Σ

s.t. m(yk+1, v) = m(yk, v) � ∆ta(yk, v;µ)

+∆t f(v)+∆t b(uk, v),

8 v 2 Y, 1  k  K

y0 = u0

I Account for inexact model by adding a model error term, where

uk the model error in each timestep

Σ covariance of the model error

I Allows to consider longer analysis windows
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Model Problem

x1

x2
1

1

-1
-1

ΓD

ΓN ΓN

ΓN

1 2

34

5

Convection-diffusion equation w. Taylor-Green vortex velocity field

Parameter µ 2 [10, 50] (Pe) with µtrue = 30

Discretization dim(Y ) = dim(U) ⇡ 13, 000

time interval I = [0, 8] with ∆t = 0.04, K = 400
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Model Problem

µ = 10 µtrue = 30 µ = 50

k
=

2
0

Assumptions

� “Gaussian” initial condition, ū

� Data generated using “exact” initial condition, ū(µtrue)

� Prior is exact, ub = ū(µtrue).

� Uncertainty due only to noise and “unknown” parameter, µtrue.
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� Prior is exact, ub = ū(µtrue).
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� Data generated using “exact” initial condition, ū(µtrue)
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Model Problem

µ = 10 µtrue = 30 µ = 50

k
=

1
6
0

Assumptions

� “Gaussian” initial condition, ū

� Data generated using “exact” initial condition, ū(µtrue)

� Prior is exact, ub = ū(µtrue).

� Uncertainty due only to noise and “unknown” parameter, µtrue.
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Model Problem

x1

x2
1

1

-1
-1

ΓD

ΓN ΓN

ΓN

1 2

34

5

Data zk
d (1  k  800)

� Uncorrelated Gaussian noise in each entry, ⌘ ⇠ N(0, 0.052).
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Model Problem

x1

x2
1

1

-1
-1

ΓD

ΓN ΓN

ΓN

1 2

34

5

Data zk
d (1  k  800)

� Uncorrelated Gaussian noise in each entry, ⌘ ⇠ N(0, 0.052).

FE solution⇤: Preconditioned Newton-CG method

� strong-constraint: 30 � 54 s (31 - 56 CG iterations)

� weak-constraint: 114 � 189 s (81 - 137 CG iterations)
⇤ Matlab, 2.6 GHz Intel Core i7 processor, 16 GB RAM
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Model Problem

Convergence over test set
strong-constraint weak-constraint

RB solution

� strong-constraint: NY,max = 2Nmax = 160, N0
U,max = 21

Online times: tsol ⇡ 10ms � 1.37 s, t∆ ⇡ 2.8 � 29ms

� weak-constraint: NY,max = 2Nmax = 200, NU,max = Nmax = 100

Online times: tsol ⇡ 99ms � 12.6 s, t∆ ⇡ 4.8 � 71ms
M. Grepl (RWTH Aachen) 37



Model Problem

Required number of CG iterations
strong-constraint weak-constraint

Note: In the strong-constraint case

� # of CG iterations bounded by N0
U and thus almost constant over µ

� # of RB-CG iterations < # of FE-CG iterations even for Nmax
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Model Problem

Maximum relative error in cost and parameter estimate

N emax
J,N (strong) eµ,N (strong) emax

J,N (weak) eµ,N (weak)

10 3.12e-01 4.18e-01 2.44e-01 6.02e-02
20 7.36e-03 1.30e-01 1.70e-02 9.33e-03
30 8.22e-04 1.42e-03 3.51e-03 1.70e-04
40 1.24e-04 4.99e-04 6.37e-04 3.26e-04
50 1.14e-05 2.98e-05 2.05e-04 3.53e-05
60 4.36e-06 1.27e-05 9.70e-05 3.90e-05
70 3.92e-07 4.18e-06 3.58e-05 1.93e-05
80 8.76e-08 9.71e-08 1.05e-05 4.12e-06
90 - - 4.17e-06 2.51e-06

100 - - 1.94e-06 3.09e-06

Note:

� strong-constraint: µ⇤ = 29.67

� weak-constraint: µ⇤ = 45.36
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Summary & Conclusions

• A posteriori error bounds for a reduced order approach to

strong- and weak-constraint 4D-Var data assimilation

• Offline/online computational procedure for solution and bound

• Key ingredient: analogy to PDE-constrained optimal control
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Summary & Conclusions

• A posteriori error bounds for a reduced order approach to

strong- and weak-constraint 4D-Var data assimilation

• Offline/online computational procedure for solution and bound

• Key ingredient: analogy to PDE-constrained optimal control

• Cost functional & parameter estimation

I Bound on |J⇤ � J⇤
N | possible based on dual-weighted residual approach

I Bound on |µ⇤ � µ⇤
N | possible based on cost bound, but (currently) very

pessimistic
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Thank you for your attention!

For questions or comments:

grepl@igpm.rwth-aachen.de
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