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MOTIVATION

(1) To develop parametric model order reduction methods that accelerate simulations of
parametrized microstructures in the multiscale materials setting ...

(2) ... such that they can be deployed in the context of control, optimization, inverse problems,
and data assimilation ...

with a view towards eventually being able to design and control production processes.
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OUTLINE

In the parametrized PDE setting:

(1) How can we account for the error introduced by the use of a parametric reduced order
model in a data assimilation framework (EnKI)?

(2) How can we construct efficient (both offline and online) parametric reduced order models
for data assimilation (EnKF)?

(3) How can we mitigate the effect of using an approximate model on parameter inference
(via experimental design)?



Parametric Model Order Reduction

Linear PDE: Given the parameter u € D C R, we seek wu(u) s.t.
A(u)’u(p,) — f(,u) x-dependence omitted

Approximation:

N
w(p) Y oi(u) ¢ =Znan(p)  where Zy =[]
=1

and Zy is obtained from training snapshots {©(ii),i =1,..., Nirain} either via
a greedy algorithm ( N = Ni,ain) or singular value decomposition (N < Nirain )
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Parametric Model Order Reduction

Projection-Based Model Order Reduction:

ZiA(pZyan(p) = Zif(p)
Anv(pan(p) = Fn(w)



Parametric Model Order Reduction

Projection-Based Model Order Reduction:

ZyA(p)Zyan(p) = Zyf(w)
An(pwan(p) = Fy(p)

Q
Assume that A () permits an affine decomposition, A(u) = Z 09(pn)A?, then
g=1

Q
An(p) =) 0U(WZLA'ZY
g=1

and the computation can be decomposed into an (expensive, cost( Nrg )) offline stage
and an (inexpensive, cost(N)) online stage.



Parametric Model Order Reduction

General Approach:
(1) Reduce the order or dimension of the problem from Ngg to N < Nrg
(2) Decompose the computation into an

OFFLINE training phase at cost(NFg)

ONLINE deployment phase at cost(N) foranynew pu € D,



Parametric Model Order Reduction

General Approach:
(1) Reduce the order or dimension of the problem from Ngg to N < Nrg
(2) Decompose the computation into an

OFFLINE training phase at cost(NFg)

ONLINE deployment phase at cost(N) foranynew pu € D,

Issues: Nonlinearities

Non-affine problems
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Parametric Model Order Reduction

Nonlinear PDE: Given the parameter € D C RY, we seek u(u) s.t.

F(u(p);p) =0
At the k-th Newton iteration, given uk_l, find du s.t.

J(u =Y p) du = —F(u*~1; )

k

and update u* = u*~! + §u until convergence.

Issue: In nonlinear (and nonaffine) problems, J(u*~1; 1) (or A(u))
does not admit an offline/online computational decomposition.
= approximate affine decomposition

" or hyperreduction



Non-intrusive Model Order Reduction
Linear Methods: u(u) ~ Zy ayx(u)

° RB/POD + Interpolation [Bui-Thanh, Damodaran & Willcox, '03],
[Demo, Tezzele & Rozza, ‘19], ...
 RB/POD + Regression [M. Guo & Hesthaven, 18],

[M. Guo & Hesthaven, '19], ...

° RB/POD + Neural Networks [Wang, Hesthaven & Ray, ‘19], [Barnett, Farhat & Maday, ‘22],
[Pichi, Ballarin, Rozza & Hesthaven, ‘23], ...

e Physics-Reinforced NN [Chen, Wang, Hesthaven & Zhang, '19]

Nonlinear Methods: u(u) =~ ¥ (an(u))

 Autoencoders [Lee & Carlberg, '20], [Fresca, Dede & Manzoni, ‘21], [Maulik, Lusch &
Balapakrash '21], [Vinuesa, Eivazi, Le Clainche & Hoyas, ’22],

[Nikolopoulos, Kalogeris, Papadopoulos, ‘22], [Romor, Stabile & Rozza '23], ...

* Neural Operators [Lu, Jin, Pang, Zhang, Karniadakis, '19], [Cai, Wang, Lu, Zaki, Karniadakis, '21],
[De Hoop, Huang, Qian & Stuart, 21], [Li, Zheng, Kovachki, et al. '22], ...

12 Adapted from a slide by Federico Pichi (EPFL; presented at International Workshop on MOR at NUS, Singapore, May 2023)



MOTIVATION

In the parametrized PDE setting:

(1) How can we account for the error introduced by the use of a parametric reduced order
model in a data assimilation framework (EnKl)?

(2) How can we construct efficient (both offline and online) parametric reduced order models
for data assimilation (EnKF)?

(3) How can we mitigate the effect of using an approximate model on parameter inference (via
experimental design)?

joint work with F. Silva, C. Pagliantini, M. Grepl
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PARAMETER ESTIMATION : UNREGULARIZED VARIATIONAL APPROACH

. 1 2
minI(p|y) = 5 |y - Lullz- such that (Muyp)=0 Vv ey
DATA MISFIT WEAK MODEL
where:

y = Lurgryg + € with noise €~N(0,X)
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PARAMETER ESTIMATION : UNREGULARIZED VARIATIONAL APPROACH

_ 1
gleljr;?(u ly) = >

where:

ly — Luyllg-:

DATA MISFIT

such that

y = Lu(urryg) + € with noise €~N(0,X)

15

(Myuy, ) =0 VY € Yy

WEAK MODEL




PARAMETER ESTIMATION : UNREGULARIZED VARIATIONAL APPROACH

_ 1
gleljr;?(u ly) = >

where:

- 2
”(y —0y) — LuN”(ZJrFN)-

DATA MISFIT

y = Lu(urrug) + €

such that

(Myuy, ) =0 V¢ € Yy

WEAK MODEL

with noise €~N(0,X)

dn(trruE) = L (uy(trUE) — U(TRUE)) approximated by &y~N (8y,Ty)
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REDUCED BASIS ENSEMBLE KALMAN INVERSION

We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:

Forn =0,1, ...
i) Compute the model solution for each particle u(j) :

n
ul)) € Xy such that (Mug)ul(\f’zl,l/)i) =0 Vi € Uy

17

Iglesias, Law, and Stuart

“Ensemble Kalman methods

for inverse problems”
(2013)



REDUCED BASIS ENSEMBLE KALMAN METHOD

We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:

Forn =0,1, ...

ii) Compute the covariance matrices :

Py == sum (Lul(\{)n Lu(]) — Luy ,® LﬂN'n) -(J-1D1
Qn pn= sum (MU)® Lu(J) — Up® LﬂN,n) (- 1)_1

18




THE REDUCED BASIS ENSEMBLE KALMAN METHOD

We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:
Forn =0,1, ...

iii) Update each particle u(]) in the ensemble:

u =y 4 Qua(Z 4T+ Py (y 5, —Lu(]))

where

[y = 7= sum (L (ul(\{zl (])) ®L (ul(\{zl ,(lj)) —3N®3N)

19




ADVECTION-DISPERSION PROBLEM

Jdu

dt

—p-Mu®)+v-Vu() =0 onQ:=(-1,+1)? with

u(0) = uyg

we consider:

20

3 sensor locations

40 time-activations per sensor

t € (0,2.4)
i € [1/50,1/10]

Ll
e =

+sin(mx,)cos(mwxy)
B l—cos(nxl)sin(nxz)

---------------
,,,,,,,,,,,,,,,,,

i v b
"""""""""""

|||||||
.............

"""""""""""""

;;;;;;;;;;;;;;

I B
‘‘‘‘‘‘‘‘‘‘‘‘‘‘

AT R

o s FF W R W e




ADVECTION-DISPERSION PROBLEM : MODEL ORDER REDUCTION

Employing the weak-greedy-POD approach we
construct a Reduced Basis space of size 42 :

dofs spatial discretization =10100 (P2-P2 G)
dofs time discretization =241 (P1-PO PG)

training set size = 81 parameter values
training time = 47s to construct basis (18 evals)

The effectivity of the bound is independent from
the space dimension and doesn’t exceed a factor 10

21
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PARAMETER ESTIMATION : ENSEMBLE SIZE

o Reference FO
1]

Adjusted RB

Biased RB

.
==

1o-*

[+

|0-#

=d— ilcration n=1
== icralion n=2
—— jleration n=3

Ensemble Size @ 1
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4 B 2162024 28323040 4 8§ 12 16 2024 28 32 36 40

Ensemble Size :© J

||||||||

Ensemble Size :

results show a faster convergence to
the ‘large ensemble behavior’ for the
reduced basis methods

the adjusted method exhibits a better
behavior than the biased method

a rapid convergence of the algorithm
to a stable parameter estimation is
observed for all cases
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PARAMETER ESTIMATION : NOISE MAGNITUDE

Reference FO

Adjusted RB

Biased RB

0! 1
102 1
-3 ,
-+ -|
103 1

10-7 1 ! 5 n_l"'

I”—H 'l

—d— iteration n=1
== ileration n=2
== neralion n=3

0= 10 197t 0= 1072

Relative Noise Magnitude
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10-% 107 107+ 107 10
Relative Noise Magnitude

o~ 10 107 1070 107
Relative Notse Magnitude

results show a linear convergence
when the exact FO model is employed

the error stagnates when the model
bias is not corrected in the RB-EnKM

the adjusted RB-EnKM shows an error
decay comparable with the FO one



Ha "".”1| . Ilui{_l

max |
HEer

PARAMETER ESTIMATION : REDUCED BASIS SIZE

Vanilla RB Adjusted RB when the measurements bias is not corrected,

the relative error is strictly dependent on the
RB model accuracy

In--‘-;
_ with the bias correction, the performances of
M the method are made independent on the RB.

10~* 5
1075 A

.— M with 42 bases, one parameter estimation

_ —¥— iteration n=3 : takes 8" (55" considering the offline cost);
10-7

6 12 18 24 30 36 42 6 12 18 24 30 36 42 one standard EnKM estimation takes 5’ 58"
RB Size RB Size
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TRACER TRANSPORT PROBLEM

The EnKM is used to estimate the log-conductivity 9,
given the observations of the tracer concentration L(c):

dc
__v.((dlv®v+dm1)°VC)_v-vc=ft

Jt
—_v. J h) = "
Conrad, Davis, Marzouk, v (e hv ) In L(c)
Pillai, Smith. JUQ (2018) —e%Vh=v

A POD approximation has been used to efficiently solve
the system of equations. The prior distribution 1y is chosen to be

multidimensional
uniform distribution

1o =X U @M, 9"%)

25



MODEL ORDER REDUCTION

Employing POD to construct RB spaces , max L*(I:H'(Q)) error max H'(Q) error
of size 40 (hydr. head) and 320 (conc.) : v

e 100
—4+— Projection |
—&—  Splution }
- 107!

dofs spatial discretization = 44,972
dofs time discretization =50

10-!

- 1077

training set size = 2000 x 50 —»— Projection

Max Relative Error

10-2
training time = 75h = S0k =1l L 102
—i— Sol. N.=20 3
—p Sol. N, =40 I
An accurate reconstruction of the hydraulic 10-3 4 i i i | | | 104
. . . . 0 a0 160 240 320 0O 1] 20 30 40
head field is essential for the concentration vl N,
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PARAMETER ESTIMATION : ENSEMBLE SIZE

Biased Estimation Error  Adjusted Estimation Error

as expected, a lower estimation error
107 is reached with the adjusted method
than with the biased method

= 1073
= ; the higher dimensional parameter
= ; space requires larger ensembles if
= =¥ jleration n=1 F 10— m r d t th revi t d
miaa : compared to the previous study case
= jleration n=4

1 I ¥ Ll 1 I 1 L ¥ L] 1 ¥ ]l,]l-q
200 40 60 B0 100 120 140 160 20 40 o0 80 100 120 140 160
Ensemble Size ; ] Ensemble Size :
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PARAMETER ESTIMATION : NOISE MAGNITUDE

Biased Estimation Error

Adjusted Estimation Error

[ TRl (PR [ TRl

=—N=—jteration n=1
=—d— jleration n=2
—»— jleration n=4

10~ 102 10!
Noise Magnitude : &

28

103 10-2

10-!
Noise Magnitude :

F

107!

102

1073

-

o 1

the error stagnates when the model
bias is not corrected in the RB-EnKM

the adjusted RB-EnKM preserves the
error decay at low noise magnitudes



PARAMETER ESTIMATION : REDUCED BASIS SIZE

the data bias correction is essential
to reduce the estimation error

the performance of the adjusted method are
not independent of the RB size

the estimation error - model accuracy
relationship seems nearly linear in both cases

29
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Relative Error vs M,

Relative Error vs &,

—¥— Biased
—d— Adjusted

==

104

20 20 40 200 260 320
Reduced Basis Size

0.002 0.02
Maodel Accuracy
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MOTIVATION

In the parametrized PDE setting:

(1) How can we account for the error introduced by the use of a parametric reduced order
model in a data assimilation framework (EnKI)?

(2) How can we construct efficient (both offline and online) parametric reduced order models
for data assimilation (EnKF)?

(3) How can we mitigate the effect of using an approximate model on parameter inference (via
experimental design)?

joint work with F. Silva, C. Pagliantini
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DATA ASSIMILATION

EXPERIMENTAL
MEASUREMENTS

[Kal6O0]

R. E. Kalman. "A new approach to linear
filtering and prediction problems".
(1960)

Yn+1 = Lu; + €x44

DYNAMICAL
MODEL
EnKF Un+1jn = Mgy
Un+1n+1 EnKF
STATE
UPDATE

31 A Multi-Fidelity Ensemble Kalman Filter - Data Assimilation



THE ENSEMBLE KALMAN FILTER

| | 0
PREDICT : ur(ll.)|.1|n = Mugﬁn ::: ::
00000
00000

32 A Multi-Fidelity Ensemble Kalman Filter - Ensemble Kalman Filter



THE ENSEMBLE KALMAN FILTER

33

PREDICT : ugllln = Mugl)n
ESTIMATE: € _ ()
: Cn+1|n = Ccov un+1|n

A Multi-Fidelity Ensemble Kalman Filter -

Ensemble Kalman Filter

)



THE ENSEMBLE KALMAN FILTER

| _ (),

PREDICT : ur(ll.)|.1|n = Mugﬁn : : : : :
ESTIMATE : Cn+1|n = cov {ugilm} : : : : :
ANALYSE: ) ud) o+ Ry ( Lug) 1jn)

: n+1|r1+1 n+1|r1 n+1 Yn+1 — n+1|n

employing the empirical Kalman gain

I/zn+1 = én+1|nL*(LCn+1|nL* + z)_l

34 A Multi-Fidelity Ensemble Kalman Filter - Ensemble Kalman Filter



THE ENSEMBLE KALMAN FILTER

)

PREDICT : ugllln = Mugl)n <—— EXPENSIVE! 0000606
00000
. _ (),
ESTIMATE:  €1,q1y = COV {un+1|n} : : : : :
. n+ijn+1l n+1|n n+1 Yn+1 — n+1|n

employing the empirical Kalman gain

I/zn+1 = C\n+1|nL*(LC\n+1|nL* + z)_l

35 A Multi-Fidelity Ensemble Kalman Filter - Ensemble Kalman Filter



[PMS21]

A. Popoy, et all. "A multifidelity ensemble Kalman

THE ENSEMBLE KALMAN FILTER filter with reduced order control variates." (2021)
. . 0)
PREDICT: Uy, = Mus 00000
00000
ESTIMATE : Gy = Cov{ugilln} 00000
@) () 0)) 00000
. ) ) J
ANALYSE : un+1|n+1 n+1|n + Kn+1 (yn+1 Lun+1|n) l
?
employing the empirical Kalman gain 000
I/zn+1 = én+1|nL* (LCn+1|nL* + z)_l ceees

36 A Multi-Fidelity Ensemble Kalman Filter - Ensemble Kalman Filter



THE MULTI-FIDELITY ENSEMBLE KALMAN FILTER

(),

un|n

Principal

Ensemble @ @ @

Ancillary cocee

Ensemble ceecee

~()
un|n,N

37 A Multi-Fidelity Ensemble Kalman Filter

- MF-EnKF

[PMS21]

A. Popoy, et all. "A multifidelity ensemble Kalman
filter with reduced order control variates." (2021)



THE MULTI-FIDELITY ENSEMBLE KALMAN FILTER

[PMS21]
_ A. Popoy, et all. "A multifidelity ensemble Kalman
.. u(]) filter with reduced order control variates." (2021)
Principal n|n
Ensemble
P,
Control L
Ensemble 49
n|n,N
Ancillary soeee
Ensemble e
~()
un|n,N

38 A Multi-Fidelity Ensemble Kalman Filter - MF-EnKF



THE MULTI-FIDELITY ENSEMBLE KALMAN FILTER

Principal
Ensemble

Control
Ensemble

Ancillary
Ensemble

(),

n|n

M

)

n|n,N

u

u

~()
un|n,N

39 A Multi-Fidelity Ensemble Kalman Filter

(),

n+1|n

- MF-EnKF

[PMS21]

A. Popoy, et all. "A multifidelity ensemble Kalman
filter with reduced order control variates." (2021)



THE MULTI-FIDELITY ENSEMBLE KALMAN FILTER

[PMS21]
) 0 A. Popoy, et all. "A multifidelity ensemble Kalman
j j ) . o
Principal un|n Iy un+1|n filter with reduced order control variates." (2021)
Ensemble — 000
P
n Mn,N
Control ¢ o o —_— e o o
Ensemble 6)) 6)]
un|n,N un+1|n,N
Ancillary 11200 _Man,oriiis
Ensemble (70070 ceees
~ () ~ ()
unln,N un+1|n,N

FORECAST
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THE MULTI-FIDELITY ENSEMBLE KALMAN FILTER

Principal
Ensemble

Control
Ensemble

Ancillary
Ensemble

41 A Multi-Fidelity Ensemble Kalman Filter -

(),

n|n

M

)

n|n,N

u

u

~()
un|n,N

—-

n M,y
B ——

FORECAST

___________

MF-EnKF

[PMS21]

A. Popoy, et all. "A multifidelity ensemble Kalman
filter with reduced order control variates." (2021)

I/Zn+1 = C\n+1|nH*(Hén+1|nH* + z)_l

_J



THE MULTI-FIDELITY ENSEMBLE KALMAN FILTER : SOME COMPLICATION

___________ DATA
0 ) : () O B Ly O
Principal n|n M ! un+1|n : l un+1|n+1 n+1|n+Kn+1(yn+1_ n+1|n)
Ensemble TTT — 000 . 000
R
Control —»: o o o ! n+l
Ensemble 6)) ()] :
un|n,N : un+1|n,N : -<\'
E L DKy
Ancillary  siite _ Man o oseies 3333
Ensemble  $:::¢ oseses teees
70) G : ~(j) _ =0 O _pz0
n|nN : un+1|nN : un+1|n+1,N - un+1|n,N + @ Kn+1(yn+1 n+1|n,N)
FORECAST "~~~ ~~~~~~° ANALYSIS
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THE MULTI-FIDELITY ENSEMBLE KALMAN FILTER : SOME COMPLICATION

___________ DATA
G) ) : G)
Principa| un|n M : un+1|n : l un+1|n+1
Ensemble —_ i 000 . 00
Pn MH.N | E I/Zn+1
Control ¢ o o —_—— | e e o | )
1 1 .M ?
Ensemble ) () . n,N
un|n,N 1 un+1|n,N :
| : '
E | PrKpi1
Ancillary  seece _ Man boseies 3333
Ensemble  ::::: oseses Teees
_G) G : ()
un|n,N : un+1|nN : un+1|n+1,N
FORECAST "~~~ ~~~~~~° ANALYSIS
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THE MULTI-FIDELITY ENSEMBLE KALMAN FILTER

d)nl

ESOQ\ Mo

EQ
. S S . S S S A S S A e S B B A S R B L
n=0 n=1 n=2 n=

45 A Multi-Fidelity Ensemble Kalman Filter - MF-EnKF Adaptivity

[PMS21]

A. Popoy, et all. "A multifidelity ensemble Kalman
filter with reduced order control variates." (2021)



THE MULTI-FIDELITY ENSEMBLE KALMAN FILTER

d)nl

Eg'& ?1

EQ
. S S . S S S A S S A e S B B A S R B L
n=0 n=1 n=2 n=

46 A Multi-Fidelity Ensemble Kalman Filter - MF-EnKF Adaptivity

[PMS21]

A. Popoy, et all. "A multifidelity ensemble Kalman
filter with reduced order control variates." (2021)



RB MODEL CONSTRUCTION : [PMS21]

Vr-r

POD
My My My
n=0 n=1 n=2 n-=

47 A Multi-Fidelity Ensemble Kalman Filter - MF-EnKF Adaptivity

one long trajectory is used to
build offline a global RB model



RB MODEL CONSTRUCTION :

[PMS21]

M M M
Eg.m
EEO\K
ER%
o M My My
Rranas e e e ~

48 A Multi-Fidelity Ensemble Kalman Filter -

MF-EnKF Adaptivity

one long trajectory is used to
build offline a global RB model



RB MODEL CONSTRUCTION : [PMS21]

49 A Multi-Fidelity Ensemble Kalman Filter - MF-EnKF Adaptivity

one long trajectory is used to
build offline a global RB model



RB MODEL CONSTRUCTION : [PMS21]

50 A Multi-Fidelity Ensemble Kalman Filter - MF-EnKF Adaptivity

one long trajectory is used to
build offline a global RB model

PROs:

- easy to implement
- can incorporate steady states

CONs:

- suffers initial uncertainty
- leads to large RB models
- might introduce biases



RB MODEL CONSTRUCTION : [DY22]

M

i
gy
POD
|
" Mo
EQ
n=0 n=1 n=2 n=

51 A Multi-Fidelity Ensemble Kalman Filter - MF-EnKF Adaptivity

the principal trajectories are used
to build RB models on-the-fly

[DY22]

G. Donoghue and M. Yano. "A multi-
fidelity ensemble Kalman filter with

hyperreduced reduced-order models”.
(2022)



RB MODEL CONSTRUCTION : [DY22]

1l

- MF-EnKF Adaptivity

52 A Multi-Fidelity Ensemble Kalman Filter

the principal trajectories are used
to build RB models on-the-fly

[DY22]

G. Donoghue and M. Yano. "A multi-
fidelity ensemble Kalman filter with

hyperreduced reduced-order models”.
(2022)



RB MODEL CONSTRUCTION : [DY22]

Ep | H
|
E(C) P?D

53 A Multi-Fidelity Ensemble Kalman Filter - MF-EnKF Adaptivity

the principal trajectories are used
to build RB models on-the-fly

PROs:
- leads to small RB models
- doesn’t introduce biases

CONs:

- requires constant retraining
- too little information extracted

(poor accuracy for the RB model)

[DY22]



RB MODEL CONSTRUCTION : PROPOSED APPROACH

principal and legacy trajectories are
used to build RB models on-the-fly

54 A Multi-Fidelity Ensemble Kalman Filter - MF-EnKF Adaptivity



RB MODEL CONSTRUCTION : PROPOSED APPROACH

principal and auxiliary ancillary

Ep § trajectories are used to build RB
@—5 models on-the-fly
E{ = My~
= —
E? -~
0§ POD
E? gj‘% z;
e e o o o S o o e o o S e e l
n=0 n=1 n=2 n=

55 A Multi-Fidelity Ensemble Kalman Filter - MF-EnKF Adaptivity



RB MODEL CONSTRUCTION : PROPOSED APPROACH

M

D 1))

(N
=

M)

POD

2

%W

Vﬁ-

56

A Multi-Fidelity Ensemble Kalman Filter -

n=2 n-=..

MF-EnKF Adaptivity

principal and auxiliary ancillary
trajectories are used to build RB
models on-the-fly

PROs:

- retains past model’s information
- achieves good accuracy

CONs:
- first step is significantly expensive
- large range of RB model sizes



[MWW20]
C. Mou, Z. Wang, D. Wells, X. Xie and T. lliescu.

QUAS'-G EOSTROPH |C EQUATlONS "Reduced order models for the quasi-

geostrophic equations: A brief survey." (2020)

findw = w(x,y,1), Y = P(x,y,t) such that

0,0 =Ro J(w, ) + 0, + rohAw + F,0AYp + w =0 < J(w,¥) = 0,90yw — 8,Pd,w

given the boundary and initial conditions T X E0)
1

oyt =0, (xy)€EI
Y(xy,t) =0 (xy) €N

w(xy,0) =w,, &y €EQ Q
and
F = sin(n(y — 1))
axl/)() +%A(OO +F=0, A‘(/JO +(U0=0 0 v _Z
0 1

57 A Multi-Fidelity Ensemble Kalman Filter - Quasi-Geostrophic Equations



QUASI-GEOSTROPHIC EQUATIONS

high-fidelity physical model constructed considering:

- fully implicit mid-point discretization in time (dt = 0.1)
- P1finite elements discretization in space (4225 dofs)

measurement model constructed considering:

- evenly spaced sensor positions (19x19) # eigen Lot
- data collection every 10 time-steps
e s 1072
probabilistic model assumes:
o -3
- homoscedastic noise €,,.;~ N(0,52I) (c = 10™%) < 10
- normal initial sample distribution wg)o ~ N(0,A71) © e — 10-*
1075
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MOTIVATION

In the parametrized PDE setting:

(1) How can we account for the error introduced by the use of a parametric reduced order
model in a data assimilation framework?

(2) How can we construct efficient (both offline and online) parametric reduced order models
for data assimilation?

(3) How can we mitigate the effect of using an approximate model on parameter inference
(via experimental design)?

joint work with H. Bansal, N. Cvetkovic, H.C. Lie
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Setup

Y:=0oMI(0")+¢
Mi -0 —>U  true model

0t c © true parameter
MIOT) e U true state
O:U—R" observation operator, linear, continuous
e~N(0,X.) noise
y € R” realisation of Y - data
Bayesian inverse problem: specify prior 8 ~ ug and
true misfit

ori() = Ly — 0o MI(@)|2_,
Using Bayes’ law the true posterior on 6

exp(— 07 1(0"))

Ay 0) = =ggrm ()
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Approximate posterior

If MT is unknown or expensive it is approximated by M
6T .= M" — M  model error

Y =0OoM(@O) +e¢
Given prior 6 ~ g, data y, and approximate misfit
YA = 3y — O o M(8)]%
approximate posterior

exp(—®A(¢"))
Z(orA)

\ITANCORS dpi(6))

Approximate posterior corresponds to the assumption that
§T=0

Question: Can we mitigate the error propagation to posterior?
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Enhanced noise approach

Y=0oMI (@) +ec=00M(@B)+ (Ood(6)+e)
~Uu

Assumption: u ~ N(m,, ¥,), independent of § ~ uy and
e~ N(0,%,).

Ou+e~NOm, L.+ 0r,0")
Enhanced noise misfit and enhanced noise posterior
VEO) =y — O 0 M(0) = OMu|l% o5, 00

exp(— Y E(0))

Z(d)y’E) dMQ(H/)

E
dpy = (0') =

Note: the only unknown that we aim to infer is 47
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Question: How to mitigate the effect of using an approximate
model on parameter inference?

Hint:
> Analyse distances between 1", 14 and 12

» Answer in terms of selecting an appropriate observation
operator O
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Given p and ® € L) (E;R), define e by

due , exp(—P(x')) o ! /
d_:(x): 70 Z(®) .—/EeXP(—¢(X))dM(X)

Theorem: (Sprungk 2020)
Let y1, &1 € L),(E;R>0), and &, € L] (E;Rx0). Then

max{aki (1o, [l 1o, ), Ok (e, [l1e, )} < Cf|P1 — 2|y
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Error of 1" with respect to 1"

Proposition: If &V oY ¢ L (©,Rx0), then
1/2
max{ ok (g [116™). e (11 )} <ClllloosT2_ 1H/
Interpretation:

> Let V be linear space and st e VCU then
VCker(0) = =t

Key message: u A can be as good as uy 1
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Error of NQ’E with respect to ugﬁ
Proposition: If °F YT e L] (©,Rx0), then

, E ,E :
max{dKL(ug TH,UIQ )adKL(,UJ}Q/ H,UJ}Q/ T)}

1/2
< C(I100 (8" = my)|IE Iy

2
+ HHy —OoM - Omu”zs—1_(z€_|_ozu@*)—1 HLLG)

Interpretation: ;% = 1.1 if
1. 6T —m, c ker(O) g —a. s.
2. P(y — 0o M(0) — Om, € ker (X1 — (X, + O£, 0%)1) = 1

Special case:

> OX,0* = 0is a sufficient condition for the second term to
be zero
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Discrepancy between uQ’E and Mg’A

Proposition: If &4 oYE ¢ L] (©,R), then

y,A

, E ,E A
max{dKL(,ug ’,ng ),dKL(,LLg ’:LL}Q/ )}

< C(|Omy5

+ HHy - 0o M _ Omﬂ”;g—1_(zs+ozu@*)—1 HLLQ)

Interpretation: ;% = ;)" if
1. Om, =0
2. P(y — O o M(0) — Om, € ker($! — (T + O, 0%) 1) = 1

Key message: If ;" = 1/* using 1" should be preferred



Example
Consider the IBVP

(9 + L)w(x, ) =s(x)0' (1) (x,H)eDxT  (PDE— M)
Vw(x,t)-n(x)=0 (x,t) € 0D x T (BC)
w(x,0) =b' (x,0) € D x {0} (IC)
with L= —kA+V-V
for fixed K > 0, v:D — R2, and fixed nonzero s, b’ : D — R, and

¢ :T—=R
Define MT as MT(6') .= w(¢’)
Define M(6') as a solution w(#') of (PDE — MT) with (BC) and IC:
w(x,0) =0 (x,0) e D x {0}
Since 61 = MT — M, 67(¢') == w for

(0 + L)w(x, t) =0 (x,t)eDxT (PDE-6T)

74 with (BC) and (|C)
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Example
Define state space

U = C>'(D x T) N {w satisfies (BC)},
where

CP' D xT)={w|w, dw, diwe L®, for0<|8| <2}

Define observation operator O : U/ — RY
O:w— ((0: + L)W(X, )L,
forsome x € Dand i € T
O is linear and continuous
It holds that
{w | w satisfies (PDE-6")} C ker(O)

Therefore

7A )
TANSITAL
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Summary

» Analysed common approaches for Bayesian inference in the
presence of model error

» approximate posterior
» enhanced noise posterior

» Derived positive and negative criteria for selection of observation
operator

Drawbacks:

» Designing O is problem specific and challenging

» Good O with respect to 6" may be bad with respect to ¢
Advantages:

» General results: nonlinear models, non-Gaussian priors,
KL-divergence

> Mild assumptions: L] misfits
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