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Data Assimilation and Downscaling With
Application to Weather Forecasting

Freie Universitat i*

» dynamical downscaling becoming popular, easy to implement
» difficulties, e.g. gridded nudging discrete in nature

» Titi and co-workers: rigorous mathematical framework for
downscaling and assimilation techniques
Aim:

> extend developments, design new efficient algoritms for
extreme-scale calculations

» computationally test efficiency and validity for practical situations

S. Vater: Downscaling DA Techniques
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Data Assimilation by Interpolant Observables

Berlin

Freie Universita
Evolution governed by general dissipative dynamical system
du

E = ]:(U)
where initial data ug is missing. Find algorithm for constructing v(t) from
observational measurements /n(u(t)).
Nudging:
dv

— = F(V) = uln(v) + pln(u),
v(0) =vo

U : relaxation parameter

S. Vater: Downscaling DA Techniques
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Data Assimilation by Interpolant Observables

du

Freie Universitat

dt
Nudging:

Evolution governed by general dissipative dynamical system
— = F(u)
observational measurements /n(u(t)).

where initial data ug is missing. Find algorithm for constructing v(t) from
dv

E:

F(v)— pla(v) + pin(u),
v(0) =vo

U : relaxation parameter
vo =Ju(to)

Spectrally-filtered discrete-in-time downscaling:

Vn+1 = Es(tn+]_, tn; Vn) +_/U(tn+1)
V(t) = S(t, tn; Vn)

S. Vater: Downscaling DA Techniques
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for t € [tn, th4+1)
Construct approximate solution v(t), which converges to u(t) over time.




Data Assimilation for the 2D incompressible
Navier-Stokes Equations

Freie Universita
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8 : Berlin
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D

Let Q = [0, 272 be the 2m-periodic torus, find u, s.th.
ur—vAu+ (u-Vyu+vp=f
V-u=0

u: fluid velocity, p: pressure
f: body force applied to the fluid
v: kinematic viscosity

Azouani et al., 2014:

Let Q =0, L]? and let u be a solution to the NSE with periodic BC. If I,
satisfies the inequality

llu—In(@)1Z < y1h?llullZ; +v2h*llull2,
and
L2 col?
h2 ~
then ||v(t)—u(t)|| — 0 as t — .

> 2Gr(1 +log(1+Gr)), co=co(¥1,v2), €2 = const.
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Freie Universita
Interpolant Observables

> Orthogonal projection onto low Fourier 5 *
modes: ’
e
In(U)(x) = PA(u)(x) = > ek~ '
k<A : &
» Interpolation from volume elements : !

N
X) = > UjXo;(X)
j=1

3
> Interpolation from nodal measurements \ .
N g B
In(u)(x) = D u(xj) (X/ j XJ) ol
= el S
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The Zero Froude Number SWE

Shallow water equations:

Freie Universita

Berlin
ht +V - (hv)

=0
(hv)e+V-(hvov)+ 25 hVh =0
Zero Froude number limit (Fr — 0), rigid lid approximation:
h¢

+ V-(hv)
(hv)e

+ V-(hvov)

=0
+ hvh@ = o0
> h = hg(t) given through boundary conditions.

» mass conservation becomes divergence constraint for velocity field
dho
hv-nda:—lVld— forvVcQ
v

S. Vater: Downscaling DA Techniques

» h(2): second order height perturbation; Lagrange multiplier
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Freie Universitd
Conservative Low Froude Number Numerics

Task: Construct a scheme, which ...

> ...allows time steps independent of the Froude number
> ...conserves mass, momentum, total energy:

At
Uzt =ul—— >l F

|C| 1€Z5¢
» ...is second order accurate in time and space
» ...uses machinery of Godunov-type methods
> ...requires the solution of at most linear, scalar equations
» ...ensures, that for Fr =0, advection velocities and final momentum
sat|sfy divergence constraint
S. Vater: Downscaling DA Techniques «0>» «Fr «E>» «E»>» E|l= DA 7



Projection Method for Zero Froude Number
SWE

Freie Universit

Zero Froude number SWE:

V- (h dho
. V)= ——
(hov) dt
(hov)t + V- (hovov)+ hOVh(Z) -0
Method in conservation form:
At
n+1 n+1/4
N T > I F]
1€Ty¢

n+12  _ px* MAC P2
F, =F  +F ™ +F,
» advective fluxes FI* from second order Godunov-type method

> F;"'AC from (MAC) projection, corrects advection velocity divergence

> FP2 from second projection, which adjusts new time level
divergence of cell-centered velocities

S. Vater: Downscaling DA Techniques «O> «Fr C(E»r <
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SWE Flows

Semi-Implicit Method for Low Froude Number

Freie Universita

2
g l) Berlin
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mimic Zero Froude Number results by decomposing height into:

h(t, x; Fr) = ho(t, x) + Fr2 h’(t, x)
ho(t, x) = Ho(t)— b(t, x)

ht+ V- (hv) =0
(hv)t +V-(hvov)+hVh' =0
local time derivatives of h’ into projection steps

Extension of (zero Froude number) projection method by inclusion of
1. explicit predictor for advective fluxes

3. second correction (pressure term)

2. first correction (advection velocity components)

S. Vater: Downscaling DA Techniques
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Diffusion Term

Freie Universitt

» Add as source term into explicit predictor

» Split-implicit method, using Strang Splitting:
(hv)*

At/2 (pAt (pAt/2
= Paav (Pdiff(P
Crank-Nicholson Scheme for diffusion step:

adv (hv)n))

(hv)"* = (hv)" + > [V-vhu(v" 1) + V- vh(v")]
Solution of two Helmholtz problems for the velocity components

S. Vater: Downscaling DA Techniques
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Freie Universitat

Body Force f

> Let f = yfo being a time-independent
forcing function.

» fo supported on an annulus of Fourier
modes, such that 10 < |k| <12

» fo specified in vorticity representation in SIS o8
terms of go =V x fp with 51 . - 008
- ~ 0.04
N 1R ¢ = 4 "
~ gk —Ik R " ' — 0.02 -
fk = — . 2 , g = Z gk¢k 3125 ’ . L 000 E
k2 + k2 ,kl o L b —0.02
1782 10<|k|<12 %, . .
- - .‘ —0.04
. ~ ~ A 1 N — ~0.06
with fk = f_k and k- fk =0 S fole " ~0.08
0 —

> Fourier coefficients §gx Gaussian ! ’ ' ¢
distributed (see Olson and Titi, 2008)

» discrete f further projected into space
of discretely divergence-free functions.
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Resulting Flow, v = 0.0001

Freie Universit

Depending on scaling 7, different flow regimes:

6 . . 04 6 1.00 6 . 2.0
. _‘ : ® 0.1 . ’ - 0.25 ) . 0.5
3 | 0.0 3 . » - 0.00 \f 3 ° 0.0
S N1 o "
S| B ] S :
Gr(f) = 175000 Gr(f) = 1500000 Gr(f) = 2500000
Gr(f) = Z|Ifll.2 (Grashof number)
S. Vater: Downscaling DA Techniques
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Data Assimilation Experiments

Freie Universitat

forcing function f with Gr(f) =1500000
viscosity v =0.0001
Q = [0, 2m]? with 2562 grid cells

CFL number 0.8 (determined by explicit
predictor)

zero velocity field at t =—6600, evolve
until t = 0 for initial condition

» DA by nudging with projection onto low
Fourier modes: A =5, 10, 15, 20, 25

vvyyvyy

v

1

6

initial velocity field
(reference solution)
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Freie Universitd
Data Assimilation Experiments

Error with respect to reference solution (u=0.7):

10°

1072

— k<5

5 5 10-4 — |kl <10
s 5 — k<15
2 o .
g N — |k <20
1076 — k<25

1078

0 100 200 300 100 0 100 200 300 100
t

~ 80 modes needed to experimentally obtain convergence in time!
(see also Olson and Titi (2008), Gesho et al. (2015), ...)

S. Vater: Downscaling DA Techniques «O» «F>»
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ST,
Freie Universitdt
Data Assimilation Experiments

Convergence wrt y:

L™ error

S. Vater: Downscaling DA Techniques
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Freie Universita ) Berlin
Summary )

» data assimilation by interpolant observables
» finite volume projection method for zero Froude number flows

» semi-implicit extention for low Froude number SWE
» DA with spectral nudging

» QOutlook

» different interpolant observables, downscaling
»> modeling of atmospheric flows with moisture, stochastic models
> effective methods to treat ensemble of system states

S. Vater: Downscaling DA Techniques «O>» «Fr <

!
it
i
[
S
re)
Q

16



