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Parameters :
» mass ratio ocean/atmosphere: m
» friction coefficient (nonlinear): ¢cp
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Brownian motion




Einstein relation (1905)
» macroscopic: Stoke’s law : v = %
» microscopic: random walk (1D):

» equipartition : kLmT = (u(t)?) =




Langevin Equation (1908)

mosu(t) = —mryu(t) + F(f)

dissipation: v macroscopic systematic  constant
fluctuationn:  F(t) microscopic random  (F(f))=0
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Langevin Equation, 1té calculus (1940)
u(0)=0

t
u(t) = u(0)e " + et / F(t)e!
0

wwp) = o= [ [ F)F) et dtat
0 JO

(F(t)F(t2)) = 2Ri(t2 — t1)

Fluctuation dissipation relation:

(w(ep) = 7



Model

Force F

Wind ua

—
-_— ——  Erction

Current uo

Parameters :
» mass ratio ocean/atmosphere: m
» friction coefficient (nonlinear): ¢cp



2D Turbulence
Atmos

Ocean

(O By (= o

v
it

Q>



2D Turbulence




Model

Wind ua
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81‘“0 — —S(Uo - Ua)

stat. solution <+ 2D turbulence model



Model

Force F
Wind ‘
Otug = —Sm(ug— up) + F
a[Uo - —S (Uo — Ua)
’
§8tu§ = —Sm(u3 — uaup) + F
m
Eatuﬁ = —Sm(u2 — uaup)

e= = —Sm(uz— Up)>+F



Linear Local Model

8{U3 == —SMUS+F
3tut = F

t
us(t) = [ S IF(E)a
0

t
) = /0 F(£)at

Ua(t) = I:/I(uterus (/ F(t) dt’+m/ eSM(I' D) F (¢ )dt’)

uo(t) = —(ut—us M(/ F(t')dt — /0 eSM( f>F(t’)dt’>



Linear Local Model : 2nd order moments
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Fluctuation Dissipation Relation (FDR)
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Quadratic Local Model

duzs =— Smluglus+F
atuO == S |US|US

with us = Uz — Up, Uy = Uy + Muy.

atus = —SM‘US‘US‘i‘F
Uy = F

Linear Langevin eq. with eddy friction:
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Lin. vs. Quadratic Langevin eq.
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Stochastic differential equation:
Integrating many independent realisation:

oiu = F(u,w) with, weQ

— measure moments :
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(“Lagrangian approach”)
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Fokker-Planck equation:
Obtain PDE for the time evolution of the pdf:

.1
0tP(u, t) = 9y (a(u)P(u) + Eau [b(u)P(u)])
— solve equation if possible and obtain moments by integration:

(") = / WdP,  ((u)) = / f(u)dP

(“Eulerian approach”) -



Linear model: SDE < Fokker-Planck equation:
SDE:

atuS - _SMu5+F
Uy = F

Fokker-Planck

1
8[Ps - VUV . [SMUsPs + ZVUVPS:|
1
81‘Pt = Evuv : vuth




Non-linear model: SDE < Fokker-Planck equation:
SDE:

dus =— SMuglus+F
oy = F
Fokker-Planck
8[Ps = Vuv . [éMuSUsPs + gVUVPS

81‘Pt = gvuv . vuvPs
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FDR 2D : (u?), (ualo)
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Further Results

1) The Fluctuation Dissipation Theorem is established for
linear models with white and colored forcing.
C(t, At) = (x()x!(t + Ab)); (x(t + At)) = x(t, ADX.
C(t, A C(t,0)~" = x(t, Ab).

2) Fluctuation Theorems are considered.

Sz7(z) =In <f€(zz))) =072,

Z2
Prob(zy < Z' < zp) = / f(z)dz
Z1




Conclusions

The ocean subject to atmospheric forcing obeys a
fluctuation dissipation relation.

Local models (linear and quadratic) can be solved
analytically.

Some of the results from local models can be transposed
to fully 2D turbulence models.

The FDR can be extended to the air-sea system forced by
a colored noise.

Dissipation of non-resolved dynamics is included in models
(atmosphere, ocean climate, ...) but not the fluctuations.
However, fluctuation-dissipation-relations hold at all levels
of the dynamics.

Consider truely non equilibrium processes (beyond:
spin-up, spin-down)
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