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Abstract

Limit theorems of probability theory for sums of random
variables play important role in many applied problems, in par-
ticular, in problems of mathematical statistical physics:

o questions of equivalence of ensembles,

o asymptotic formulas for calculating the values of thermody-
namic functions,

o asymptotic behavior of total spins, etc.

This confirms the urgency of the problem of expanding the
range of applicability of such theorems.

Limit theorems for sums of independent random variables
form a complete theory which presents one of the main parts
of the probability theory. Two main directions for further re-
searches:

o the validity of the CLT for sums of dependent random vari-
ables;

o the asymptotic normality of different classes of non—linear
functionals (on independent or dependent random variables).



In the talk

e sufficiently wide classes of non-linear functionals preserv-
ing Gaussian distribution were introduced

e various conditions under which a sequence of such func-
tionals is asymptotically normal were established

o a generalization and sharpening of known results on
the CLT for weighted sums (linear functionals) of independent
random variables is obtained
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Normal distribution

Random variable &€ has a normal (Gaussian) distribution
N (a,c?) if

z )2
PlE<z)= 1 /exp{—($2 2) }d:l:, zeR

o\ 21 o

Random variable & has the standard normal (Gaussian)
distribution 4 (0,1)
1 y —5172/2
P(§<z)=—/e dzx, z€R
— OO

Characteristic function

Bt — —1%/2



Stability of the normal distribution

Let &1,&0,...,&n De independent random variables with nor-
mal distributions

§j ~ (/V(aj,au?), i=1,2,...,n
Put
n
Sn=>_¢&
J=1
Then
Sn — ES
i 2~ 4 (0,1)
DSy
S ES 1 i 2
p|Zr = :—/_”’/Qd 74 n > 1
( \/D—Sn <z> \/ﬂ e x, z € , N>



Asymptotic normality

Theorem (Central Limit Theorem). Let nq,no,...,n, be inde-
pendent identically distributed random variables, O < Dn; < oo,
73 =1,2,....,n. Then

zZ
. Sn — Ean, L 1 —$2/2 d

— 00

n
where Sp = > n;.
=1



Theorem (Levy—Lindeberg). Foranyn > 1 letn, 1,1, 2, o> T ke(n)
be a sequence of independent random variables (k(n) — oo as
n — 0o) such that

> Empj=0; > D=1,

and for any € > 0

k(n)
Z E (777%,]'[(|77n,j| > 6)) — 0 as n — oo.
j=1
k(n)
Then for S, = > ny,; the CLT is valid, i.e.

S 1 i 2
im n — —x</2 d

— 00



1. Functionals preserving the normal distribution

Denote by f, = fn(x1,2o,...,2n) the functional

fnR" =R

Functional f, preserves the normal distribution if for indepen-
dent random variables £1,&5,....&n ~ A4 (0,1) one has

fn(€17€27 7671) ~ JV(O, 1)7
i.e. for any z € R

z

1

P(fn(£17£27 7€71) < Z) — \/T—T(' e—wz/zdm

— 00



Examples of functionals
preserving the normal distribution

Example 1
r1 + T2

fo(z1,22) = 7

Example 2
V2 - x1x0
fo(x1,z0) = = >
\/331 + x5
Example 3
r1T2 + T3

f3(z1,20,23) = S
V14 x7



Superposition of functionals preserving the normal
distribution

Any superposition of functionals preserving the normal dis-
tribution is again a functional which preserves the normal dis-
tribution.

Example 1’

fn(x1, 22, ..., xn) = fo (21, fn—1(z2, ..., zn)) =

T ) 3 Tp—2 Tp_1 + ZTn
— : > 2
RO R O R OV L OV [ B
Example 2’
vn ﬁ z;
fn(xq, 2o, ..., xn) = = J=1 : n > 2
> [ z?

J=11<i<n:i#j



Example 3’
fn(x1,z2,...,2n) = f3(z1, 22, fn_1(z1, 23,24, ..., 20)) =

_ T1T0 r173 T1T4
= + 15

/1—|—:1:% 14 x5 (1—|—x%)3/2

_I_

+ ...+

L1Tn—1 Ln

(1 +22) 272 T (1§ 22)(n-2)/2°

n>3

There are other ways to construct sequences of functionals
that preserve the normal distribution.



Linear functionals
(weighted sums)

Linear functional with coefficients o™, j

; 1,n, has the form

n
fn(z1,z0,..zn) = > a§n)xj.
Jj=1



Condition on linear functionals to preserve the normal
distribution

Proposition. The linear functional f, with coefficients a§”),

7 = 1,n, preserves the normal distribution if and only if

En: <a§n))2 =1

=1




Proof. Let £1,&5,...,&, ~ A4(0,1) be independent random vari-

n
ables. Characteristic function ¢, of the random variable ) a§”)§j
j=1
has the form

n n o (n) g
on(t) = Eexp {z’t Z a§”)§j} — H FEoitey 75

Since a§”)§j ~ N (O, (a§n)> ~we have

Then
U (n) 2 n 2
on(t) = H 6—(0{7 £)2/2 — exp {_752 Z (a§n)> }
j=1 j=1
_ 22 e ()
Hence, pn(t) = e if and only if >~ a; 1 L]



Methods for constructing linear functionals
preserving the normal distribution

Proposition. Consider the functional

fo(z1,z0) = axy + Bxo, a, 8 € R\{0, 1},
and the superposition

fn(x1, 20, ..., 2n) = fo (1, fn_1(z2,23,...,2n)), n>2 (1)

1. For any n > 2, fn is the linear functional with coefficients

](n) of the form

(n) = "~ 1 a§n) — aﬁj_l, 1<7<n—-1. (2)

Conversely, any linear functional f, with coefficients given
by (2) can be represented as the superposition (1) where fo
has coefficients o« and 3.

2. The linear functional (1) preserves the normal distribution
if and only if the coefficients o« and g of the functional f> are
such that a2 + 82 = 1.



Proposition. Consider the functional

fo(z1,22) = azxq + Bxo, a, 8 € R\{0, 1},

and the superposition

forn(x1,...,200) = f2 <f2n—1($1, oy Ton—1), fon-1(Ton-14 1, ---,wzn)),

n> 1.

The linear functional fon preserves the normal distribution if
and only if the coefficients o« and  of the functional f> are
such that a? + 82 = 1. Moreover,

(n)

; — 0 asn — o

MaxXx
1<j<n

(87




Generalization of Example 3

Example 4. Functionals

xoxr1 + o + x3... +x
fnt+1(xo, x1, 22,23, ..., Tn) = : ) n > 2
preserve the normal distribution
One has
mn
0 1
fn+1(33075’71a51327---733n) 'xl_l_ Z X

\/n—l—l—x% jzz\/n—l—l—x%
Note that for any zg € R
2 2
1 x5 n—1

TQ "
\/n—l—l—a:% j;2 \/n—l—l—a:% n—l—l—w% n—l—l—x%




T he main class of non—linear functionals
preserving the normal distribution

Let a§”)(z), j=1,n, z € R, be a set of functions. Put

frnt1(z0,21,22,...,n) =

(3)

= o (x1,20,....,Tn) = % a§n)(wo)'$j-
j=1

Theorem. The functionals (3) preserve the normal distribu-
tion if

n 2
> (a§n)(z)> =1 for any z € R. (4)
j=1



Proof. Let &,£1,&2,...,6n ~ A4(0,1) be independent random
variables. Let us show that

n 2k—1 n 2k (2k)!
E(Za§"><go>gj) =0, E(za?’(so)sj) =

j=1 j=1
k=12, ..

We have

n 2k—1
E (Z a§”><£o>sj) =

= > (2% = 1)} ﬁ E¢" - E (ﬁ (a§”)(£o>)mi> .

| | . . |
0<my,...,mp<2k—1; M1:T2: "o mMns ;—q i=1
mi1+...+mp=2k—1

Since m1+mo+...+my = 2k—1, for any numbers 0 < mgq,...,mp < 2k—
1 there exists 7, 1 <1 < n, such that m; is odd, and hence
Egmz -




For even moments we have

. 2k . N
E (Z a§n)(€o)€j) = (;kkk)!!E (Z (%(n)(io)> ) -

j=1 i=1

It remains to note that due to the condition (4)

E (fj (o«,?”)(so))z)k =1

i=1
for any k. L]

It is not difficult to see that in the proof of the theorem
above we do not use any condition on the distribution of &j.



Theorem 1. Let (,£1,&o,...,&n be independent random vari-
ables and let £; ~ 4(0,1), j = 1,n. The random variable

$(€1,60, 0 8n) = Y af (O

=1
has the standard normal distribution if
mn

2
(a§")(z)) —1 for all z € R.
1=1



Generalization of Example 4

Example 5. Let g: R — R be a Borel function. Put

a%n)(z) _ g(2) |
Jn—1442(2)
a§n)(z): - ; 1<j7<n-1.
Jn—14g2(2)
Then the functionals
n—1 . |
fﬁ(xl,xg,...,xn) — Z Lj 4 xn - g(2)

j=1yn—14+62(2)  \Jn—1442(2)
n > 2, preserve the normal distribution.

Indeed, for any fixed n > 2

S () ] ()
2 (0) = ree e =




o Linnik Yu.V., Eidlin V.L., Remark on analytic transforma-
tions of normal vectors. Theory of Probability and its Appli-
cations 13 (4), 1968

A method for constructing non—linear functionals preserving
normal distribution (proposed by Shiryaev and RomanovskKiy):

Let Pj(zm,...,zn), 5 = 1,2,...,m — 1, be polynomials in
variables xym, ..., xn, Ssuch that

m—1 5
Z P] (xm,...,ajn)
J=1

IS a polynomial in the same variables. Then the functional

m—1

1=
L1,LDy ey L =
fn(z1, 22 n) P
]=

preserves the normal distribution.



Example 6.

Let g, h be functions in one variable. Put

Pi(x3) = f%(x3) — g%(x3), Po(x3) = 2f(23)g(x3).

Then the functional

x1P1(x3) + 20 Po(3)
VP?(x3) + P3(x3)

fa(x1,z0,23) =

_T1- (g%(z3) — h?(23)) + 22 - 2g9(z3)h(z3)
g%(z3) + h?(z3)

preserves the normal distribution.



2. Asymptotic normality of sequences of

functionals preserving the normal distribution

Let n1,7o,...,nn be independent random variables (not nec-
essarily Gaussian).

A sequence of functionals fn(n1,n2,...,mn), n > 2, is asymp-
totically normal if their distributions converge to the standard
normal one as n — oo: for any z € R

z

1

. _ .2
nlgmoop(fn(nlvn277nn) < Z) — \/T—T(' / € v /Qdaj

— 00



Theorem 2. Let random variable { and functions a§”), 3 =1,n,
be such that

mn
> E
j=1

Let ni,no,...,nmn beé independent random variables with finite
second moments which are independent of ( too and for which
the CLT holds. Then the sequence of functionals

a§n)(C)—%| — 0 as n — oo. (5)

f?gb(77177727 7””) — Z O‘§n)(C)77]7 n Z 27
j=1

is asymptotically normal.



Proof. For any n > 2 we can write

n1, 72 n le\/— Z \/— Tj-

The first summand is asymptotlcally normal, the second one
tends to O in probability.

Indeed,
1/2 .
Blnjl < (Bn?) P =C <0, j=Tm
Due to the Chebychev inequality for any € > 0 we have
1 1 (n) 1
P ( Wo——)m > ) <lply ( <C>——>m
<] 1 Vvn € j=1 Vn




Example 5. The functionals

n—1
fﬁ(xlanV")xn) — + - J ’
j; Vn—14+62(z)  n—1+4%)

n > 2, are asymptotically normal.

Lj

Indeed, let the function g be such that Eg2(¢) < co. Then

= Ela™ ey - L] =
R \/ﬁ'
— & g(¢) 1 4 (n— 1)E 1 1 <
Jyn—1+g%) Vn yn—1+442©) V7
EIQ(C)I+_+n—1 Ell1-g%(Ol _

—Wf n  Vn-1

asS n — 00.



Theorem 3. Let functions a§”), j = 1, n, satisfy the condition

n 2
> (a§n)(z)) =1 for all z € R,
j=1

and let random variable ¢ be such that

(n) ‘
1rgasan o ()| —0 asn—0

and for some §, 0 <6 <1/2,
~ 55w (o))’
max 3. B0 (aj (g)) <0< oo

Let n1,m>,....,mn beé independent random variables which are
independent of ¢ too and are such that Enj = 0, Dnj = 1,
3 =1,n. Then the sequence of functionals

n
s(n1,m2, ) = > a§”)(C)nj, n > 2,
j=1

is asymptotically normal.



Proof. Let &1,&5,...,&, be independent standard normally dis-

tributed random variables which are also independent of {,n1, 7o, ...

We have

FS0,m2,cmn) = - oS (Og; +
=1

J

J

= (n)
mn
a; Q) (5 — &5)-
=1
Since the functionals f}% preserve the normal distribution

> (g ~4(0,1)

Jj=1
Applying the Chebyshev inequality, one can show that

d

as n — oo. [ ]

€ 1<j<n

> (O — €))
j=1

y Tn -

145 5
> s) < (C\@> ( max E a§”)(()'> — 0



Lemma. Let functions a§”), j =1,n, be such that

ﬁj (a(n)(z))z —1 for all z € R
j Y

j=1
for independent random variables (, &y, ...,&n, where§; ~ 4(0,1),
and any € > 0,

32231 E <<a§n)(C)£j)2] (‘a§”)(c)£j| > s)) — 0 as n — oo.

Then for any independent random variables n1, ..., n, Which are
independent of ¢ and such that En; = 0, Dn; =1, j = 1,n,
and for any € > 0

]z::IE<( <>(<)n]) (‘ <>(<)nj\>e)> —0  asn— oo,

the sequence of functionals

fg(n17n27 77777,) — Z a§n)(C)77]7 n > 2,
1=1

is asymptotically normal.



Proof. Since the functional fﬁ preserves the normal distribu-
tion, one has

E exp {z’t > aj(.”)(g)gj} — e—t2/2, n>1,

=1
where &1, ...,&n are independent random variables with normal
distribution which are independent of ny,...,nn as well.

Hence

— 0

‘E exp {z’t fj a§")(C)nj} _ e t?/2

=1

0

‘E exp {it S a§”)(g)nj} _ Eexp {it 3 a§”)(g)gj}‘ 50

Jj=1

daS n — o0



Put

n—1
i = z Qg G =Y (O
J= J=1
and for any k, 1 <k < n,

¢ = (01, oo o1, 0, g1y oons ) = Za< (Ot > a$™ (0)¢;.

Jj= j=k+1
T hen

E exp {it > a§n)(C)nj} — Eexp {it > a§”>(g)§j} —

=1 =1

n

> (Bexp it + o (©Qm} - Bexo {it(cf” + afP (0 })| <

k=1

n
< 2.
k=1

it | ital (O _ pitet” | itay ><c>s|




Since for any k

() RO . RO .
B ol (O, = B o (O Eny = 0 = Ee™% "oy (0)g;,

2

() . 2 i1 n 2 it (™) n
Bt (O‘l(c )(C)Uk> — EettSk (a,g )(C)) En,%=E€ Lo <Oé/(.C )(C)fk) )

we can write

S gt . it ©me _ it gitaf (O] <

k=1

< > Bl Om 1 il (On — (o (Om)?| +
k=1

£ B8 _1 it (g~ (o067
k=1




Using the well-known inequality

N Nk N N+1
et — 3" GOT) i 1211 | N=0,1,2,..
k! NI (N +1)!
for any € > 0 we obtain
(AR8% ) . mn t 2 n
Z B el Om 1 ita{ (Om, ~ D0 (Ome)?) <

3
2]

<G+ L E ((a,i”%onk)z 1(Ja{”©m > )) .

Similarly,

ZE

2
ztozk (g _ ita,gn)(C)fk— (Zt) (a(n)(g)ﬁk)Q <

3
< It

<t %P ((a,£”><c>£k)2 1(Jaf ] > e)) .



Finally,

3
E exp {zt ) al” )(g)n]} 1212 < 17,

_3—|—

5)) +
>)>

2

412 ><c>nk I o\ (Om| >

(G
(n) 2
+2 3 B ( ©e) 1(




Theorem 4. Let functions agn)’ 7 =1,n, be such that

n
1=

2
(a§n)(z)) =1 for all z € R,
1

and

max sup ‘oz(-n)(z) — 0 as n — oo.

1<j<n zer | /

Then for any independent random variables (,nq,...,mn SUCh
that Em; =0, Dn; =1, 3 =1,n, and for some § > 0

2490

sup E|nj) = Cy < oo,
1<j<n
the sequence of functionals
n
7%(77177727 77777,) — Z O‘§n)(C)nja n > 2,
j=1

Is asymptotically normal.



Proof. We need to check that conditions of the Lemma are
fulfilled. Since for any € > 0

E(( (n)(C)nj) (' (n )(C)%' >6>> < 5E‘ (n)(C)'QH

1 <45 <n, we have

S o (e on) 1 (o 0n] )

)
>—>O

C
—(;S max sup 'a(.”)(z)
e? \1<j<n 2cR

dS n — oQ.



Similarly, for independent standard normally distributed
random variables &1,¢&o,...,&n, Which are independent of (, we
have

= ((O‘;n)(@ﬁj)zl (|Oé§n)(C)§j' > s)) < (2+5)/4 ' (n )(C)|2+5

and hence

£ 8700 s (r00x e>> :

3(2+5)/4 5
( ) — 0

dS n — oQ. D

max sup' (n) ()
1<5<n 2R J




Asymptotic normality of sequences of linear functionals

Conditions under which a sequence of linear functionals (weighted
sums)

n
fn(xq, 20, ..., 20) = Z agn)xj
=1

IS asymptotically normal were obtained in several works:

o Weber M., A weighted central limit theorem. Statistics and
Probability Letters 76, 2006

e conditions on the 4-th power of the coefficients a§"> as
well as existence of En‘zj9 for p > 4;



o Fisher E., A Skorohod representation and an invariance prin-
ciple for sums of weighted i.i.d. random variables. Rocky
Mount. J. Math. 22, 1992

o Kevei P., A note on asymptotics on linear combinations of
i.i.d. random variables. Periodica Mathematica Hungarica 60
(1), 2010

e conditions on the rate of convergence to O for the co-
efficients.

In the mentioned papers only identically distributed ran-
dom variables were considered



Theorem 5. Let coefficients a§n), j = 1,n, of the linear func-
tionals f, be such that

n 2
o) =

J
and

MaXx
1<j<n

a§n)‘ — 0 asn — oo.

Let n1,mo,...,mn be independent random variables such that
En; =0, Enj =1, 5=1,n, and for some § >0
246

sup E|nj) = (5 < 0.
1<j<n

Then the sequence of linear functionals fn(n1,m2,....,1m), n > 2,
is asymptotically normal.



Future research directions

e Construction of other classes of non—linear functionals
preserving the normal distribution, and the establishment of
conditions for their asymptotic normality;

e Extension of results to functionals in dependent random
variables (mixing processes, martingales).



On Lindeberg condition

For any n > 1 let a sequence of independent random vari-
ables ny, 1, 0,2, -5 My k(n) D€ given, k(n) — oo as n — oco. The
Lindeberg condition for this sequence is fulfilled if for any e > 0

k(n)

> E (Ug,j1(|77n,j| > 8)) — 0 as n — oo.
=1

The Lindeberg condition is a sufficient condition for the
k(n)
validity of the CLT for sums Sp = ) _ n, ;.

j=1



The usual explanation of the meaning of the Lindeberg
condition is that this condition guarantees the uniform asymp-
totic negligibility of random summands. Indeed,

k() k(n)
(13??2?@ gl > €> N 321 (|77n,]| g €> 321 (|77n,y| > 5) <
k(n)

2 k(n)
1
<y E( ,u<|nn]|>s>> 2 X Bl > ) 0
]:

daS n — O0.

However, the real meaning of the Lindeberg condition is
revealed in the following little-known Khinchin theorem.



Khinchin theorem

Theorem. For any n > 1 let n, 1,n,.2, <oy T ke(n) be a sequence
of independent random variables (k(n) — oo as n — oo) such

that

k(n)
> P(|77n,j| >8) — 0 as n — .
j=1
Then
: - d
Jim P(Sn < z) = G(=), z € 1",

where G(z) is a normal distribution function with parameters
0 and o2, o > 0.

In this theorem, there are no restrictions on the moments;
nevertheless, the limiting distribution is Gaussian. However,
this theorem is not a CLT, since the parameter o is not nec-
essarily equal to one: its value may depend on the considered
array of random variables.



From the conditions of the Levy—Lindeberg theorem it
follows that

k(n) k(n)
DSp =D (Z nn,j> =) D=1
j=1 j=1
Hence
oo
Jim_DSp = lim_ / 22dP(S, < z) = 1.
— OO

If it is possible to take the limit under the integral sign, then

oo oo oo

im [ 22dP(S, < z) = / 22 lim dP(Sn < z) = / 22dG(z) = o2,

n—oo
— OO —0o0 — 00

and hence ¢2 = 1. Thus, the CLT is valid.



One can take the limit under the integral sign if and only
if the corresponding sequence of squares of random variables
is uniformly integrable:

/ S2P(dw) — 0
S2>C
as C' — oo uniformly on n. Due to the Billingsley inequality

1
[ S2P) < K|S+ Y 2P|,
S%>C |nn,j|2%c

where K is a constant.



the Lindeberg condition

Y
uniform square integrability of the sequence S,, n=1,2, ...
Y
the possibility to take the limit under the integral sign
Y

o2 = 1 in the Khinchin theorem



Thank you for your attention!

Vielen Dank fur Ihre
Aufmerksamkeit!



